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Introduction

The evolution of many real-life phenomena is modeled by a recurrent se-
quence of the form
Tpr1 =T(zn); 0 € X

where X is Borel subset of R? and 7 : X — X is a transformation of X.
A natural problem is to predict the future of such a system.
The transformation 7 is said to be deterministic, if each associated recurrent
sequence converges to some [ € X, which is always a fixed point of 7. In
this case, the system starting from the state xg, evolves over time to states
x1,x2 -+ and so one. And for n big enough, the state x,, approaches the final
state [.
If 7 is not deterministic, it is called chaotic (in elementary sense). For exam-
ple, in one dimensional case, piecewise monotonic and not monotonic maps
are always chaotic. For chaotic maps, the states of some recurrent sequence
never approach a final state. In fact, the states x,, evolve chaotically in the
set X even for n big enough. Thus, one cannot predict the future for such
system by considering recurrent sequences of points.
In order to solve this problem, we consider a large number of recurrent se-
quences at the same time. This means that we pick a large number of initial
states:

Iy = {x}, 2%, ..o/} c X

The density associated to I is the function fy : X — [0,00) which is inte-
grable and such that

1 & A
/Afo(f)dx =N ; La(xp)

for any Borel subset A C X. Now, let I, = {1, 2%, ..., 2)} where

7} = 7(2}), 23 = 7(2d), .., 7} = 7(a})
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and let f; be the density defined by ;. Then

[ @ = 530 1) = 5 X 1atrlad)

N
1 .
- N Z L-1a)(z0) = /1(A) fo(z)dx
Hence by induction, we obtain a recurrent sequence of densities (f,,) on X

such that
/fn+1(x)dx:/ fo(z)dx
—1(4)

where f, is the density associated the the states I,, = {z} x N1 with

n’ n7'7n

ol = r(od), a2 = 7 (aR), 2 = ()

Using the Radon-Nikodym Theorem, we introduce in this project the so
called transfer operator of 7; namely P, : L'(X) — L'(X) defined implicitly

by the formula
[ Pt@ae= [ fas
A T=1(A)

for any Borel subset A of X. Hence the recurrent relation of (f,) becomes

fn-l—l = PTfn

If a subsequence of (f,,) converges in L*(X) to some f,, then f, is an invariant
density of P,, that is f, = P, f, and the distribution f,, of I,, approaches the
final distribution f,. In this case, the measure absolutely continuous invariant
v(dx) := fi(z)dx is T-invariant.

In this project, we also prove the existence of such measures for expanding
piecewise monotonic maps. Finally, we study similar problems for random
maps.



Chapter 1

Basics on Lebesgue Integration

In this chapter, we review some essential concepts from measure theory and
the theory of Lebesgue integration. In particular, we present the Radon-
Nikodym theorem which allow to introduce in the next chapter, the concept of
transfer operator. For more details, we will refer to the monographs [I, (5, [8].

1.1 Measure spaces

Definition 1.1. Let X be a nonempty set. A collection A of subsets of X
is called a o-algebra of X if:

1. X € A
2. A is stable by completion, that is, if A € A then X \ A € A;

3. A is o-stable, that is, for any finite or infinite sequence {A} of A, the
union U, A, € A.

In this case, the pair (X, .A) is called measurable space and elements of A are
called be measurable sets.

It follows immediately that
4. ) € A;

5. For any finite or infinite sequence { By } of A, the intersection N By, € A.



If X is a topological space then it is always endowed with its Borel o-algebra
A = 0(0O) (generated by O), the smallest o-algebra of X which contains all
open subsets O € 0. A€ A= 0(0) is called a Borel set.

Notice that the Borel o-algebra of X = R is also generated by all intervals
of R

Definition 1.2. A measure on a measurable space (X, A) is a function pu :
A — [0, 00] satisfying

(1) u(@) =0

(ii) for any finite or in finite sequence {Ay} of pairwise disjoint set of A
(that is A; N A; = 0 for i # j)

pJ A =3 (A (1)

In this case (X, A, p) is called a measure space.
Notice that
0<pu(A)<oo; AcA
Moreover, (X, A, u) is called
o finite if u(X) < oo ;
e probabilistic (or normalized) if u(X)=1;

e o-finite if there is an infinite sequence {A;} of sets of A such that
X = U,Ay and p(Ag) < oo for all k.

Examples 1.3. 1- Let X = R and let A = o([) = 0(O) the Borel o-algebra
of R. The Lebesgue measure o on R is the unique measure satisfying

pu(la,b) = b—a; a,beRa<b

(R, A, 1) is a o-finite measure space.

2- Let (X, A, 1) be a measure space and let Y be a measurable space subset
of X. Put Ay ={ANY : A€ A} and py(A) = u(A) forany Ac A, ACY.
Then (Y, Ay, y) is measure space called restriction of (X, A, u) to Y. It is
also denoted by (Y, A, u) for simplicity.
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3- Let X =R, let A be the Borel o-algebra, and let p the Lebesgue measure
on Y = [0,1] then ([0, 1],.A, p) is a probability space.

4- Let X = R endowed with its Borel o-algebra. Consider the real valued
function v on A defined by

v(A) = 14(0); AeA (1.2)

Then v is a probability measure on (R, .A), called Dirac measure at 0. It is
always denoted by dy.

Remark 1.4. In this project, we consider a o-finite measure space (X, A, u1).
Always X is a Borel subset of R?;d > 1, A is the Borel o-algebra of X, and
often p is the Lebesgue measure on (X, A).

For the most applications, X will be a compact interval.

1.2 Lebesgue Integration

Let (X, A, 1) be a measure space.

If a property involving points of X is true except for a subset having measure
zero, we say that this property is true almost everywhere (a.e).

Let f,g: X — R. Define

(@) = max(0, f(z)) and  f~(x) = maa(0, — ()
We have
f=F"=f" and |fl=f"+f" (1.3)

Definition 1.5. A real-valued function f : X — R is said to be measurable
if f71(I) € A for any interval I C R.

Examples 1.6. 1- If f is measurable, then f*, f~ and |f| are measurable.
2- If X is a topological space endowed with its Borel o-algebra, then each
a.e. continuous function is measurable.

Definition 1.7. Let A;, As, ..., A, be a finite sequence of pairwise disjoint
subset of X and let Aq, Ag, ..., \,, € R. The function

g(r) = Z/\ilAi(iC); reX
=1

is called simple function.



Notice that Ay, As, ..., A, are measurable if and only if the associated
simple function g = )" | \;14, is measurable in the sense of Definition .

Definition 1.8. Let g = > | \;14, be a measurable simple function. The
Lebesgue integral of g is defined by:

[ s@utds) = > xn(a) (14)

Lemma 1.9. Let f: X — R be a nonnegative bounded measurable function.
Then there exist a sequence of simple function g, on X converging uniformly
to f; that is

sup |f(x) — gn(z)] = 0 asn — o0
zel

PROOF.  There exit a constant M > 0 such that 0 < f(z) < M for all
x € X. Consider the partition of the interval [0, M] defined by
WM ,
a;=—; 0<1<n
n

Define for any 1 <i <n
Ai={zxel: f(x) €lai1,a;)}

A; = f~YJai_1,a;)) € A since f is measurable. For any n > 1, define the
function g, by

n

gn = Z ai—llAi

=1

Then each g, is a measurable simple function and

[f(x) = gn(2)|

We conclude that {g,} converges uniformly to f. O

M
—; xe X
n

IN

Definition 1.10. Let f : X — R be a nonnegative bounded measurable
function and let {g,} be a sequence of simple functions which converges
uniformly to f. The Lebesgue integral of f is defined by

/X f@)u(dz) = lim [ ga(x)u(dz) (1.5)

n—oo X



Remarks 1.11. 1- By Lemma[1.9] it is proved that there exist sequences of
simple functions which converge uniformly to f.

The limit in the preceding definition exist in the large sense and is indepen-
dent of the choice of the sequence of simple functions as long as they converge
uniformly to f.

2- If p(x) < oo then [, f(z)u(dr) < oo since f is bounded.

In general, since p is o- ﬁnlte (only) may be that [, f(x)u(dz) = co. In this
case, we consider fi = flg, where pu(E)) < oo and UpEj, = X.

Let f : X — [0,00] be measurable and unbounded. Define for any con-
stant M > o:
flx) if0< f(x) <M
fule) = 4 1) 1 0= 1)
M if M < f(x)

It is clear that {fy/} increases to f as M increases to +oo. Moreover, fy; is
bounded for each M > 0.

Definition 1.12. The Lebesgue integral of the (unbounded) function f is
defined by

/X f@)u(dr) = Jim / fuls (1.6)

It is clear that [, fa(z)u(dx) increase as M — oo and the limit may be
—+00.

Definition 1.13. Let f : X — R be measurable. The Lebesque integral of f
is defined by

/X F(w)u(dz) = /X 1 (@)ulda) — /X F (@)plda) (1.7)

if at least one of terms [, f*(z)u(dx) or [y f~(x)u(dx) is finite.

Definition 1.14. A measurable function f X — R is said to be Lebesgue
integrable if both [, f*(x) and [, f~(x)u(dx) are finite.
In this case the integral of f defined by (L.7) is finite.

Since |f| = fT + f~, then a function f is integrable if and only if f is
measurable and [ |f|(x)pu(dz) < oo



For any measurable subset F of X and any measurable function f defined
on X
[ t@utan) = [ @@t (18)

Example 1.15. Suppose that p is the Lebesgue measure on X = R endowed
with its Borel o-algebra A. Recall that u is the unique measure in (R, .A)
such that ple,d] =d —cfor all c <d e R.

If f:[a,b] — R is Riemann integrable then f is Lebesgue integrable on the
measure space ([a,b], A, 1) and

dx) = ) u(dx 1.9
T / f(@)u(de) (1.9)

For this reason, we use always the notation u(dr) = dx if p is the Lebesgue
measure on R.

Notice that the converse is not true. For example consider the Dirichlet’s
function f = 1@0[0 1] is not Riemann integrable but f is Lebesgue integrable
on [0,1] and f[o I Ju(dz) = 0.

Theorem 1.16. Let (X, A, 1) be a o-finite measure space.
1. Let f,g: X — R measurable.

e If g is nonnegative and integrable and if |f| < g; a.e then f is
integrable and

[ et < [ gputn)

o [ Ifl(x)u(dx) =0 if and only if f =0; a.e

e If f and g are integrable, then (af+bg) is integrable for alla,b € R
and

/X(af+bg u(dz) —a/ F(2)p(d) +b/X (z)p(dz) (1.10)

10



2. The Lebesgue monotone convergence theorem(MCT):
Let f, f, : X — R be measurable functions for all n € N such that
0< fi<fo<...<fnaeand{f,} converge to [ a.e, then

i [ fu(@)p(dz) = /Q}f(x)u(dx) (1.11)

n—oo X

3. The Lebesgue dominated convergence theorem(DCT):
Let f,qg, f, : X — R be measurable functions for all n € N such that
|ful < g; a.e and {f.} converge to f a.e. If g is integrable then f, and

f are integrable and holds.

4. Let f : X — R be integrable and let {A,} be a sequence of pairwise
disjoint sets in A. Then

|t = X [ st (112

Remark 1.17. The Lebesgue integral is stated in four distinct steps:
e Step 1: f is a simple function.
e Step 2: f is nonnegative and bounded function.
e Step 3: f is nonnegative and unbounded function.
e Step 4: f is any measurable function.

If f: X — R is integrable, then from this 4 steps construction, there exist a
sequence of simple functions f, =Y. \;,1 A;,, such that

lim f,, = f; a.e and |f,| < |f]

Thus ((1.11) holds by the DCT.
This observation will be used later in simplifying proofs by considering two
steps:

e First: Verify some formula for simple functions.

e Second: Pass to the limit using the DCT.

11



The Banach space L'(X)

Let (X, A, p) be a o-finite measure space. Recall that, the relation

f ~g<%& f=gae

is an equivalent relation. So we do not distinguish, two functions which are
equal a.e.
For any measurable function f : X — R, the norm of f is defined by

1l = /X (@)l de) (1.13)

The R-linear space L'(X) is the set of (class) of functions f which are
Lebesgue integrable , that is

LNX)={f: X = R:|f] < oo} (1.14)
Then
e (L'(x),].||) is a Banach space over R.

o If {f,} — fin LY(X), then there exist a subsequence of {f,} which
converges a.e to f.

e If X = [a,b] is a compact interval of R then the space
C'([a,b]) = {f : [a,b] = R : f and f" are continuous on [a, b}

of C' functions is dense in L'([a, b])

1.3 The Radon-Nikodyn Theorem

Let (X, A, 1) be a o-finite measure space.

Proposition 1.18. Let f : X — R be an integrable function. Then f =0,
a.e. if and only if for any [, f(x)pu(dz) =0 for any A € A.

PROOF. Suppose that f =0, a.e. and let A € A. Then

/A f(@)uldr) = / o () ¢ / f@uldr)  (115)

AN{f+0}

12



But

/ F(@)p(de) = / Opldz) = 0 (1.16)
AN{f=0} An{f=0}

and

| ) - (117)

An{f#0}
since
0 < wAN{f #0}) < u({f#0})
by deﬁmtlon of f =0; a.e. We conclude from (1.15)), (1.16)) and ((1.17) that
fA =0.
Conversely, suppose that [, f(z)u(dx) = 0 for any A € A.
Define A; and A; by:
={reX: f(r)>0}and Ay ={x e X : f(z) <0}

Notice that AN Ay =0 and A; U Ay =X
By hypothesis, we have

A f(z)pldz) = : f(z)p(dz) =0
Hence

= [ f@)pldr) — [ fx)p(dr) = f(f'f)u(div)Jr/(—f)(x)u(d@-l&
Aq Ao Aq Aa

rfr<x>:{f<mf.”“‘l

Since

—f(x)if v € Ay
therefore (|1.18)) becomes

0 = | f | (@)p(dz) + /!f!
=[41UA2\f\ (de) /!fl

We conclude that [, | f | (z)u(dz) = 0 and therefore f = 0; a.e in view of
1116l O
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Corollary 1.19. Let fl,fg X — R be mtegmble functions. Then fo = fo;

a.e. if and only if [, fi(z)p = [, fo(z)pu(dzx) for any A € A.

PrOOF. It suffices to apply Proposition to g = f1— fo. a
Proposition 1.20. Let f : X —> R be an integrable function. Then f > 0,
a.e. if and only if for any [, f(z)u(dx) >0 for any A € A.

PrROOF. If f >0, a.e. then obviously [, f(z)u(dz) > O for any A € A.
Conversely, let A = {f < 0}. If p(A) > O then [, f(z)u(dz) < 0 which
gives a contradiction. a

Proposition 1.21. Let f : X — R be a nonnegative integrable function,
then the real valued function (f.u) defined by

/f w(dz); AcA (1.19)

is a finite measure on (X, A).

PROOF. Since f > 0 and integrable, then for each A € A, we have

/f u(dz) /f — (f)(X) <

In particular ( f-p) is nonnegative and finite.

=y /( =0

o Let {Ax} be a finite or infinite sequence of pairwise disjoint set of A.
Then

(fp)(Urdr) = f(@)p(dr)

Uk Ak

=y | f@u(dz) by
= > (fm)(A)

k

—

12

Hence (f.u) is o-additive and therefore (f.u) is a finite measure on (X, .A).
O
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Definition 1.22. The measure (f.u) defined in Proposition is called
measure with density f with respect to p.

Definition 1.23. Let p and v be two o-finite measure defined on the same
measurable space (X,.A). v is said to be absolutely continuous (a.c) with
respect to p if

w(A)=0 = v(A)=0; Aed

In this case, we write v < p.

Proposition 1.24. Let (X, A, u) be a o-finite measure space, and let f :
X — R be a nonnegative integrable function. Then the finite measure (f.pu)
1S a.c. with respect to pu.

PROOF. If u(A) = 0 then pus(A) = [, f(x)pu(dz) = 0 in view of (L.g). O

The converse of the Proposition [1.24] is always true. This is given by the
so-called Radon-Nikodyn theorem (RNT).

Theorem 1.25. Let (X, A, p) be a o-finite measure space, and let v be a
finite measure on (X, A) which is a.c. with respect to u. Then there exists a
unique nonnegative integrable function f on X such that v = (f.u).

Remarks 1.26. 1- For the proof of Theorem [I.25] we refer to chapter 18 of
1]

2- According to Proposition and Theorem [1.25] we have identified a.c.
measures and measures with densities with respect to p.

3- The RNT will be used in the next chapter in order to construct the transfer
operator.

4- For a given o-finite measure space (X, A, 11), there exist measures v which
are not necessary a.c. with respect to pu. For example, The Dirac measure
0o defined by is not a.c. with respect to the Lebesgue measure p, since
(for example) u(N) = 0 but v(N) = 1.

5- In Lebesgue integration, we may always replace real valued functions f :
X — R by functions f : X — R = RU {£oco} which are finite a.e, that is

p{f = Foo} = 0.

15



Chapter 2

Transfer Operators

In this chapter, we introduce first the concept of nonsingular transformation
7 defined on a o-finite measure space (X, A, u). Then we associate with 7,
the transfer operator, namely the Frobenius-Perron operator P,. Finally, we
characterize the 7-invariant measure which are absolutely continuous to pu.
As reference, we will refer to [1} 2], [5].

2.1 Nonsingular transformations

Let (X, A, 1) be a o-finite measure space.
Definition 2.1. Any application 7 : X — X is called transformation of X.

Recall that 771(A) = {x € X : 7(z) € A} for any A € X. Notice that if
{Ay} is a sequence of subsets of X

Lo 77 (e Ay) = N H(AR);
2. 77N URAR) = U1 (Ap);
3. If {A.} are pairwise disjoint then 77!(A}) are pairwise disjoint;
4. For any A C X, we have

17-_1(14) = 1A oT (21)

Definition 2.2. A transformation 7 : X — X is said to be measurable if
771(A) € A for any A € A.

16



Always, X is a Borel subset of R? and A be its Borel o-algebra. In this
case, if 7: X — X is a.e. continuous, then 7 is measurable.

Lemma 2.3. Let 7: X — X be a measurable transformation. Define
(ut™)(A) = p(r71(4)), AeA (2:2)
Then (ur™') is a measure on (X, A).

PROOF.  Since 7 is measurable, then for any A € A, 77}(A4) € A and
therefore pu(771(A)) = (ur71)(A) is well defined. Moreover, since u is a
measure on (X, .A4), then

(7)) = (™ (0)) = u(9) = 0
and, in view of , we get
() (UkAr) = p(r7 (UkAg)) = p(Uer ™ (Ap) = Y (ur ") (A)
k

for any finite or infinite sequence {Ax} C A of pairwise disjoint sets. a

Remark 2.4. Since (um1)(X) = p(r7 (X)) = p(X), then
e If y is finite, then (u77!) is finite.
e If i is a probability measure, then (u7~!) is probability measure.

Definition 2.5. A measurable transformation 7 : X — X is said to be
nonsingular (with respect to u) if the measure (u7!) is absolutely continuous
(a.c.) with respect to p, that is (u77!) < p.

A non nonsingular transformation is said to be singular.

Examples 2.6. Let X = [0, 1] endowed with the Borel o-algebra A and the
Lebesgue measure pu(dzr) = dx.

1- Let 7(z) = ;2 € [0,1] and let A = {3}, then 77'(A) = [0,1] = X. Since
wu(A) =0 and (ur71)(A) = 1 we deduce that 7 is singular.

2- Let 7(z) = 2%z € [0,1]. Let A € A, by the variable change y = 2? and
E1), we st

(WUM)ZMU%lelﬂmwmzllwwwx

dy _ [ 4y

_ /OllA(xQ)da;:/ollA(y)2\/§: A2y

17



Hence (u77!) is a.c. with respect to u, with density ﬁ%, and therefore 7 is
nonsingular.

Remark 2.7. In general, if (u77!) < p and (u7~!) is finite, then there
exist by the RNT (Theorem [1.25)) a unique nonnegative integrable function
f- such that (ur=') = (f, - p), that is

[ = [ e = [ eneu)

Moreover, if X is a Borel subset of R?, 7 is invertible and 77! is differentiable
then f, = J~! the jacobian of 771,

2.2  Frobenius-Perron operators

Let (X, A, 1) be a o-finite measure space and 7 : X — X be a nonsingular
transformation of X.

Theorem 2.8. For any integrable function f € L'(X), there exist a unique
integrable function denoted by (P, f) € L*(X) such that

[En@n) = [ fpa; aea 23)

PROOF. Let f € L}(X).
First step: Suppose that f is nonnegative. Define v : A — [0, +00] by

v(4) = / f@)u(de); Ac A (2.4)
T-1(A)

Then v is a measure on (X, .4) as image of the measure (f - p) by the trans-
formation 7. Since

oX)= [ fmian) = [ @t =11 < o0

we deduce that v is finite.
On the other hand, if u(A) = 0, then u(77'(A)) = 0 since 7 is nonsingular,

therefore by ([2.4)



as integral over set of measure zero. We conclude that v is absolutely con-
tinuous with respect to pu.

Hence, there exists by the RNT (Theorem a unique integrable function
denoted by (P, f) such that

v(4) = / (P f)@)p(dr); Ae A (2.5)

Combining and , we have also proved for nonnegative f € L'(X).
Second step: Let f € LY(X). Since f = fT—f~; f*, f- e LY(X) and fT, f~
are nonnegative functions, then P, f™ and P.f~ are well defined by Step 1.
Define

P.f=P.ft—P.f (2.6)

By linearity of the integral, and by we get for any A € A
[Pep@nta) = [ @t = P @t
A A
= [t - [ (P )@
A A
— / (@) p(d) — / f(@)p(dz)
T=1(A)

T=1(A)

-/ IRCAR R B0

= [ renta)
r1(4)

This proves formula for any function f € L*(X). O

Definition 2.9. The operator P, : L'(X) — L'(X) defined implicitly by
the formula

/A (P, f)(x)u(de) = / foulde); Ac Afel'(X)  (27)

T7-1(A)

is called the Frobenius-Perron operator or transfer operator defined by the
nonsingular transformation 7.
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Remarks 2.10. 1- If X is a Borel subset of R?, 7 is invertible and 77! is
differentiable then

Prf(x) = f(r~ ()]~ (x) (2.8)

where J~! is the jacobian of 771 is obtained from by the variable
change y = 7(z) and by Corollary [1.19|

2- In general, chaotic maps are not invertible, so that formula [2.§8 is not
valuable for such maps. However, there is an explicit formula where X = [a, b]
is an interval of R: For any nonsingular transformation 7 of X and any a.e.
continuous function f defined on [a, ]

d
P.f(z) = / f(t)dt; Vz € [a,b]. (2.9)
dZL' ([ax])
Formula ({2.9) is obtained by differentiation of (2.7)) for A = [a, x|, x € [a, b].
3- Formula (2.9)) can be easily generalized for d > 2.
Examples 2.11. 1- Let 7(z) = 22,z € [0, 1], then by (2.8)), we get

1
2Vx

2- Let 7:[0,1] — [0, 1] be a tent map, that is

Prf(z) = f(Va)5—7=

r(z) = 2z if 0<uxz<4,
o 2 — 2 if % <z<l.
In this case,
_ x x
1[07 I] = [O’ 5] U [1 - 57 1]
By application of (2.9)), we get
d
P, = — t)dt
0 = ),

= /f dt+— 1_71"‘()

X

= )+ fa- D)
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Theorem 2.12. Let (X, A, i) be a o-finite measure space, T be a nonsingular
transformation of X, and let P, be the associated transfer operator.

1. If fe LMX), f >0, then P.f > 0.
2. For each f € L*(X)

| Prtt@ntan = [ ) (2.10)

In particular, if f >0, then | P-f|| = || |-
3. P. is a linear operator: For all fifo € L'(X); A, X2 €R

Pr(Afi+ Aaf2) = MP(f1) + A Pr(f2) (2.11)

4. P is a contraction on L*(X): for all f,g € L'(X)

1Prf = Prgll < |If = gll (2.12)
In particular, || P-f|| <[]

5. If T and v are two nonsingular transformations of X, then 7oy is a
nonsingular transformation of X and

Pro, =P, o P, (2.13)

6. For any natural number n > 1:

P = (P (2.14)
PrOOF. 1-1If f > 0, then for all A € A:
0< [ fautdn) = [ Pp@ntis)
T-1(A) A

Hence P, f is a positive function by Proposition [1.20]
2- Let f € LY(X). If we apply (2.7) for A = X, we obtain (2.10) since

21



1(X)=X.
3- Let f1fy € LY(X); A1, A2 € R, A € A. By the linearity of the integral

/PT()\lf1+)\2f2)M(dI) = / (ALfi + Ao fo)(z)pu(dz)
A T=1(4)
= )\ 1(x)p(dx) + Ao o(z)p(dz
/T—l(A)f( p(dzx) + /T_I(A)f( )u(dz)
= & [ Pi@ntdn) + % [ Popoldo
- /A NP () + Py (f)p(dz)

Formula (2.11)) is then a consequence of Corollary
4- Let f € LY(X). we prove first that ||P.f]| < ||f]l: Since |f| + f > 0 and

|f| — f > 0, then by linearity of P, and by the first result, we see easily
|P-f| < P;|f]. Thus, the second result gives

I1P-f = /X | P fl(2)p(d) < /XPf\f\(iﬁ)M(dﬂf) =71 (2.15)
Now, let f,g € L'(X). By linearity of P, and (2.15), we get

|1P-f = Prgll = [|P-(f = 9l < lf = gl

5- Let 7 and  are two nonsingular transformations of X. Since (1ov) ™ *(A4) =
v H(771(A)), we see easily that 7o is a nonsingular transformations of X.

Let A€ Aand f € L'(X). Using formula many times, we get

Po f(x)u(dr) = z)u(dx) = ) u(dx
[ Pttt = [ g = [ s

Ay 1(r1(4))
= [, B = [ e pem
= [ (ProP)p@utdn)

We conclude by Corollary that Proy = Pro P, .

6- By induction: For n = 1, there is nothing to prove. For n > 2 suppose
that

Poi = (P! (2.16)
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If we take v = 7"~ in (2.13)), then ([2.16) imply that

P =Prgn1=P.0oPmi1=P.o(P)" ' = (P)"

Remarks 2.13. Let (X, A, 1) be a o-finite measure space.
1- Amap U : LY(X) — LY(X) is called Markov operator if

1. Uf >0 for any f € LY(X), f > 0;
2. |Uf[l = [[f] for any f € L}(X), f > 0;
3. U is linear.

In Theorem [2.12] we have proved that any transfer operator P, associated
to a nonsingular transformation of X, is a Markov operator.

2- From the properties of the Definition of a Markov operator, it can be
proved that U is a contraction on L'(X) (The proof is direct and more easy
for the P).

We deduce that a Markov operator is unitary, that is |U|| = 1 where ||U|| :=

sup{[|Uf[| = IFI < 13

2.3 Invariant measures

Let (X, A, 1) be a o-finite measure space, 7 : X — X be a nonsingular
transformation of X, and P, be the transfer operator associated to 7.

Definition 2.14. A measure v on (X, .A) is said to be 7-invariant if
v(t71(A)) = v(A); AcA (2.17)

Formula means that the two measures v7=! and v are equal.
The most important case of 7-invariant measures is when v is absolutely
continuous with respect to u, that is v = (f - u) where f € LY(X), f > 0.
In this case v = (f - p) is called absolutely continuous invariant measure
(a.c.im) of .
We have the following important result.
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Theorem 2.15. Let f € LY(X),f > 0. The finite measure (f - u) is an
a.c.i.m for 7 if and only if f is invariant for Py, that is

s = (215)
PROOF. For any A € A

G Ay = [ s = [ P

—Aﬂ@MM

Hence (f - ) is an a.c.i.m for 7 if and only if

/APf /f p(dr); AeA

which is equivalent to P, f = f by Corollary [I.19] O

and

Remarks 2.16. 1- In fact, we look at of nonzero solution of P, f = f that
is || f|| > 0. Therefore, if we consider g = IIfH then g € L'(X); g > 0 and
llgll = 1. Moreover by linearity of P,, we get P.g = ¢ and therefore, the
probability measure A = (g - p) is an a.c.i.m. by Theorem [2.15]

2- Since pu = (1-p) then by Theoremm ( is invariant if and only if P,1 = 1.
3-1If P.f = f, then Pnf = (P.)"f = f.

4- For the applications in the real life (physic, biology, economy, ...), we
consider probability invariant measure. This suggests the following definition.

Definition 2.17. Let (X, A, u) be a o-finite measure space. A function
f: X — Ris called density if f is nonnegative, f is integrable, and || f]| = 1.
We denote by D the set of all densities defined on (X, A, p).

Remark 2.18. Let 7 be a nonsingular transformation of X and let P, the
associated transfer operator. Since P, is a Markov operator, then P.f is
density if f is a density, that is P.(D) C D

Definition 2.19. Any sequences { f,} of functions defined by
foo1=Pfn; fo€eD (2.19)

is called recurrent sequence of densities associated with the transformation
T.

24



Remarks 2.20. 1- As mentioned in the introduction, recurrent sequences of
densities are naturally associated with chaotic nonsingular transformations
by considering f, the density defined by a large numbers of initial values

Iy = {x}, 23, ..., 20}
and f,, is density associated to
Ly = {"(wg), 7" (%), -, 7" (25) }

2- Note that f,, = (P;)"fo = P fo.

3- If recurrent sequence of densities { f,, } converges in L' (X) to some function
f«, then f, is an invariant density for P,, that is f, € D and P, f, = f..
This observation will discussed later with more details.

4-The determination of invariant densities of the transfer operator P, is an
important problem for evolution systems modeled by chaotic maps. Indeed,
the distribution f, of I,, approaches the distribution f, for big n. However,
there is no general solution for the problem f = P, f.

In the next chapter, we will solve this problem for some piecewise monotonic
maps defined on an interval X = [a,b]. For the moment, let us only verify
the existence of an invariant density is invariant for the transfer operator of
an important example, namely the logistic map.

Example 2.21. Let X = [0, 1] endowed with its Borel o-algebra A and the
Lebesgue measure p. The Logistic map is defined on [0, 1] by

T(z) =4x(l —x); x€]0,1]
The Logistic map is one of the most important example in chaos theory
since it serves as demographic model in biology. 7 is not one-to-one and the
equation 7(y) = = admits 2 solutions

1 1 1 1
y:E—E\/l—xandz:§+§\/1—I (2.20)

Therefore 771([0,z]) = [0,y] U [z, 1]. Using Formulas (2.9) and (2.20) , we
get for any a.e. continuous function f € L'[0,1] and z € [0, 1]

d d (v !
Pof) = g | i / fat+ [ 1w
_ dy 02
(O
1 1 1

= [/ (

1 1
==z - —M)—i—f(ﬁ—i-ﬁ\/E)]

2 2
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1
r)=————; v € (0,1
)= e 2 (0)
Then f, is nonnegative. Moreover, by variable changes, it can be verified
that fol g(z)dx = m, therefore f, is a density on X=[0,1].
Let us prove that P, f, = f.. By linearity of P,, it is enough to prove that
P.g = g. Using the expressions of y and z in (2.20)), we see easily that

yi-y) = =(1-2) =
Hence
Pogle) = ——lo(5— 3VT=0) +9(5+3v1=2)
1

1 11
ﬁ[g(y)+g(2)]_4m[\/§+ \/g]_g(z)

A

Yiot

09 T

081

07 1 Bl

061

[

04T &

031

021

0.1

o

00 T T L] T T L} L} T
00 01 02 03 04 05 06 07 08 05 10

X

Starting from xy = 0.2, the recurrent sequence x,, = 7(x,) moves
chaotically in the whole interval [0, 1].
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Chapter 3

Invariant densities for piecewise
monotonic maps

In this chapter, we consider the one dimensional case, namely transforma-
tions 7 on compact interval I = [a, b] which are piecewise monotonic. Such
maps are always chaotic and the associated transfer operators have special
representation. Under more convenient conditions, we prove that they admit
an a.c.i.m with respect to the Lebesgue measure on I. The proof uses the
space of functions of bounded variations.

For this chapter, we will refer to [T}, 5].

3.1 Functions of bounded variation

Let I = [a,b] be a compact interval of R, let A be the Borel o-algebra of [
and let p(dx) = dx be the Lebesgue measure on I.

Definition 3.1. A partition P = {I; : 1 <i <n} of I = [a,b] is defined by
I = [x;1,m;); 1 <i<nwhere F = {xg,21,...,x,} is a finite set of point
of [a,b] such that a = zo < 21 < ... < x, = b.
In this case the points of E are called end-points of the partition P and the
partition is also denoted by P(zg, x1, ..., Tp).

Definition 3.2. A function f : I — R is said to be of bounded variation
(BV) on 1, if there exists a positive real number M such that

Su(f) = S(f. P) = Z f(a;) — f(zia)] <M (3.1)
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for any n € N and any partition P, of I.
In this case, the real number

Vi(f) = sup{S(f, P)} (3.2)

is called total variation of f or simply variation of f.
Notice that f is not of BV means that V;(f) = +oc.

Examples 3.3. Let f : I = [a,b] = R be a function.

1- If f is constant, then f is of BV and V;(f) = 0.

2- If f is increasing on I, then f is of BV and V;(f) = f(b) — f(a).

3- If f is a Lipschitz function on I, that is there exists some constant C' > 0
such that |f(z) — f(y)| < Clx — y| for all z,y € I, then f is of BV and
Vi(f) < C(b—a).

4- If f is a C*-function on I then f is of BV on I and

Vi(f) = / (@) (3.3)

5- If f is the restriction to I of the characteristic function 1g then f is not
of BV.
6- If I =[0,27] and

zsin(1); 0 <2 <27
flay = 7o)
0, =0

then f is continuous on I but not of BV on [.

7-1f I =0,1] and

flz) = {p ifx:%;p:1,2,...

0; elsewhere

Then f =0 a.e. but Vi(f) = oo.

Lemma 3.4. Let f : I = [a,b] — R be a function of BV on I, then f is
bounded on I and

[f@)| < |fla)l+Vilf); zel (3.4)
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PROOF. Let x € I. By considering the partition Py = P(a,x,b), we get
@) = [f(@)]] < |f(2) = fla)l < |f(x) = fla)| + [f(b) = f(2)] < Vi(f)
This proves . O

Theorem 3.5. Let f : I = [a,b] — R be a function of BV on I such that
f e LYI), then

£l
b—a

()] < +Vilf); wel (3.5)

PROOF. First step: we prove by contradiction that there exist y € I such
that

If not

/1l

Ve el: |f(x)|>b_a

Hence

b b
1= [ e [ Mg =g

and we have a contradiction.
Second step: We use the same idea of Lemma [3.4]

Veel: |f(x) < |fWl+If(x)—fy)
< %—i—‘/](f)

O

For the proof of the following two results, we will refer to Chapter 6 of
[5] and Chapter 2 of [1].

Theorem 3.6. Let f: 1 =[a,b] — R be a function of BV on I.
1. If C € R is a constant then Cf is of BV and Vi(C'f) = |C|Vi(f).
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2. If J=|c,d| C I, then f is of BV on J and V;(f) < Vi(f).

3. If ¢ € (a,b), then f is of BV on [a,b] if and only if f is of BV on [a, ]
and on [c,d]. In this case

Vien) (f) = Viag(f) + View(f) (3.6)

Theorem 3.7. Let f,g: 1 = [a,b] = R be a function of BV on I, then
1. (f+g)is of BV on I and

Vi(f +9) < Vi(f) + Vi(g) (3.7)
2. (fg) is of BV on I and if A =sup|g| and B = sup|f|, we have
Vi(fg) < AVi(f) + BVi(g) (3.8)

The space of bounded variation functions

Let f,g € L'(I). If f = g a.e., then f and g are identical as functions of
LY(I) but f and g may have different variations (see 7. of Example . For
this reason, let us define for f € L'(I)

Vi(f) = inf Vi(g) (3.9)

f=ga.e.

Definition 3.8. The space BV (1) of integrable functions which are of bounded
variation is defined by

BV(I) ={f e L'(I) : V/(f) < oo}
We define a norm on BV (I) as follows: For f € BV ([)

I llsv = A+ Vi (f) (3.10)

Since C''(1) is dense in L'(I) and C*(I) C BV (I), we deduce that BV (I)
is dense in L'(I).

The following result, known as Helly’s Theorem, is fundamental in order
to prove the existence of invariant densities for piecewise monotonic maps.
For the prove,we will refer to [6].

Theorem 3.9. Let {f,} be a bounded sequence in BV (I), then there exist a
subsequence { fn, } of {fn} and a function f. € BV (I) such that {f. .} — f«
in LY(T).
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3.2 Representation of the transfer operator

Definition 3.10. Let [c,d] C [a,b] and 7 : [¢,d] — [a,b] is a map. 7 is said
to be monotonic on [c,d] if

(i) 7 is a C'-function;

(i) |7'(z)| > 0 for all z € (¢, d).

In this case, 7 is invertible and ¢ = 771 : [a,b] — [c, d]. Moreover, for all
€ (a,b)
_ 1 1
@)= (")) = 7 l(z)  T(6(x))

Examples 3.11. Suppose that [a,b] = [0, 1].
1- If 7(x) = 2* and ¢, d] = [0, 1], then ¢(z) = /z.
2- If 7(z) = 22 and [c,d] = [0,1/2], then ¢(x) =
3-If 7(z) =2 — 22 and [¢,d] = [1/2, 1], then ¢(x

)=z

Lemma 3.12. Let [c,d] C [a,b] and T : [c,d] — [a, b] e monotonic, then by

putting 71 = ¢
/ y)dy = / f(o x)|dx (3.11)

for any f € L'([a,b]) and A € A. In particular
p(A) =0 = pu(r(4) =0 (3.12)

PROOF.  Formula (3.11)) is obtained by the variable change y = ¢(z).
Moreover, by taking f(z) = 1, then formula implies

ur A= [ dy= [ W@

Hence u(77'(A)) = 0 whenever p(A) = 0. O

Remark 3.13. Let 7 : [a,b] — [a,b] be monotonic. From Lemma we
deduce immediately that 7 is nonsingular and for f € L!([a,b])

S ()

Pof(@) = Jo@)le )] = r7e=]
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Definition 3.14. A transformation 7 : [a,b] — [a,b] is called piecewise
monotonic if there exists a partition P P, = P(ag, a1, ..., a,) of [a,b] such
that for all 1 <i <g¢

(i) 7; is a C'-function which can be extended to a C'-function 7; : [a;_1,a;] —

[a, b];
(i) |7/ (z)| > 0 for all z € (a;_1,a;).
Remark 3.15. If 7 is piecewise monotonic, then
7t laio1, 4] = [a,b]; V1 <i<gq
is monotonic in the sense of Definition [3.10. Its inverse
O; = Ti_l a, b = a1, 4] V1 <i<gq

Examples 3.16. 1- Tent map: The transformation 7 : [0, 1] — [0, 1] defined
by

T(I)I{ZC if0§x<%

2 —2x if%gxgl

is a piecewise monotonic with P* = {0,3,1}, 7(z) = 2z;2 € [0,4] and
m(x) =2 —2x;x € [3,1].

2- Logistic map: The transformation 7 : [0,1] — [0, 1] defined by 7(z) =
4z(1—z) is a piecewise monotonic with P! = {0, 1,1}, 71 (z) = 4z(1—x);z €
[0,1] and 7(z) = 4z(1 — z); 2 € [3,1].

3- Tri-adic map: The transformation 7 : [0, 1] — [0, 1] defined by

3¢ if0<z<g
T(x)=(3z—1 if 1<a<?
3v—2 if2<z<l1

is a piecewise monotonic with P! = {0, %, %, 1}, m(z) = 3z;2 € |0, %], To(z) =

3z — 1z €3, 2], and 13(z) = 3z — 2z € [3,1] ]

Remark 3.17. If 7 is piecewise monotonic, then 7" is piecewise monotonic.
Moreover, if ¢ is the size of the partition P! of 7, then ¢" is the size of the
partition P" of 77, and E™ C E™*! where E™ is the set of end-points of the
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partition P".

For example, consider 7% : [0,1] — [0,1] where 7 is the tent map. Since
the partition of 7 is P! = P(0,1/2,1) and 77'(1/2) = {1/4,3/4}, then
the partition of 72 is P? = P(0,1/4,1/2,3/4,1), and 72 is duplication of 7.
Therefore

2 .

dr if 0<az <

e 1 1

7‘2(;(7): 2 —A4x Zfz§$<§
dr—2 ifi<z<?

4—4z if $<z<1

In the same way, consider 73 : [0,1] — [0, 1] where 7 is the tent map. using
the same method, we find that P* = P(0,1/8,2/8,3/8,4/8,5/8,6/8,7/8,1)
is the partition of 72 and 73 is a duplication of 72.

Theorem 3.18. Let I = [a,b] and 7: I — I be a piecewise monotonic map
defined by a partition P' = P(ag,ay,...,a,). Then

(i) T is nonsingular.

(ii) For all f € L*(I) and x €

P = Y folool =3 B ey

where ¢ = 7,71+ I — (a;_1, a;) and 7; is the restriction of T on (a;_1,a;).
PROOF. Notice that, for any A € A:
T HA) =UL 7 (A) and {r,7'(A):1<i<q} are disjoint  (3.14)

Moreover 7; : [a;_1,a;] — I is monotonic in the sense of Definition [3.10]
If u(A) =0, then

by o-additivity of p. Since 7; : [a;_1,a;] — I is monotonic, then Lemma
imply that u(r;'(A)) = 0 for any 1 < i < ¢. We conclude that

33



p(r=(A)) =0.
Let f € LY(I) and x € I. Using Formulas (2.7)), (3.14)), and Lemma we

get for any A € A:

[P = | L J = / LT
- Z /Til(A)f(@d:v:g | el

_ / D F(éi(@))li(a)|d

Hence
q
[ Pepas = [ 3 oo
i=1
We conclude by Corollary [1.19| that [3.13] holds. a

Examples 3.19. By application of Theorem [3.18], we get

1- Tent map:

71(x) = 2z, € [0,1/2] hence ¢1(x) = z/2,x € [0,1] and |¢}(z)| = 1/2.
To(x) = 2—2z,x € [1/2,1] hence ¢o(z) = 1—2/2,2 € [0,1] and |ph(x)| = 1/2.
Hence

Pof(e) = 51 (5) + £ - 5) (3.15)

This Formula was obtained in Example by using .

2- Logistic map: (See Example 2.21) 7 (z) = 4z(1 — ),z € [0,1/2] hence
$1(z) = 53— 3vV1I—z,2 € [0,1] and [¢ (2)| = ;4=

mi(z) = 4z(1 — x),z € [1/2,1] hence ¢1(z) = 1 + 2v/1—=z,z € [0,1] and
[65(x)] = 74

Hence
P = 1=l — 5VT=0) + S+ 5VT=7)
3- Di-adic map:
Pf(a) = 5[FG)+ FG+3)] (3.16)



4- Tri-adic map:

Pof(e) = S+ 1+ 5+ G+ )
5- 72 where 7 is the tent map:

T

4

T

1 =z T
4)+f(§+1)+f(1—1)]

P f(e) = A+ £ -

3.3 Existence of invariant densities

Definition 3.20. A transformation 7 : I — [ is said to be piecewise expand-
ing if

1. 7 is piecewise monotonic on [;

2. There exist a constant 0 < « < 1 such that

1
WD = e

<a wzel (3.17)

(At the end-points, g is defined by the appropriate one-sided deriva-
tive).

3. The function g is of BV on [.

Notice that the Tent map, the Di-adic map and the Tri-adic map are
expanding but the Logistic map is not expanding.

Remarks 3.21. Let 7 : I — [ be piecewise expanding and defined by a

partition P! = P(ag, ai, ..., a,) and let g =

1- Using g, Formula becomes: For all‘Tl/]L‘E LYI)and z € T
i=q
Pf(z) = ) f(i(x))g(¢i(x)) (3.18)

=1

where ¢ = 7,7 : I = (a;-1,a;) and 7; is the restriction of 7 on (a;_1, a;).
2- Let n > 2. Since ™" =7"ltor=707""! and

(™) (@) = 7(7"H2)) - (7" (@) = (") (7(2)) - 7' (2)
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we deduce by induction that 7" is expanding on I,

1
7= ey

<a"<a<l, n>1, zel (3.19)

by putting ¢g; = ¢ and

Int1(7) = gn(7(2)) - g1(x), n=1, wel (3.20)

Lemma 3.22. Let I = [a,b] and 7 : [ — I be a piecewise expanding trans-
formation on I. Then for any f € BV (I)

Vi(Prf) < AVi(f) + Bl fll (3.21)
where A= a+ Vi(g) and B = :=V(g).

PROOF. Let P! = Plag,ay,...,a,) is the partition defining 7 and let
Q(zo, 1, ..., ,) be any partition of I (not related to P'). Then

su(Prf) = ZrPij — P, f(z_1)]

q

- Z | Zg i) f (di(x;)) — ZQ(¢i($j—1))f(¢i($j_1))| by [3.18

jlll =1

IN

ZZ 19(¢i(2;)) f(¢i(;)) — 9(@i(wj-1)) [ (di(-1))]

=1 =1

SUPWZZ!Q ¢z -77] ¢Z($J 1))’

]111

+sup\g\ZZ|f bi(x5)) — f(pi(wj-1))] by

glzl

IN

< Sgp|f|ZVzi( +Sup|9|ZVI
=1

i=1

= s 7IVil) + suplglVi() by Theorem .
I

< <(b”f” Vi) + aVi(f) by (). 1
= @V + 5 ]
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Lemma 3.23. Let 7 : I — I be a piecewise expanding, then for any n > 1
Vi(gn) < na™Vi(g1) (3.22)
where g, = W such that g3 < a < 1.

PrROOF. We proceed by induction: The relation [3.22] is obviously true for
n=1.

Suppose that relation (3.22)) is true at the order n and let Q(zo, x1, ..., xx) be
any partition of I. Using (3.1)), (3.20) and (3.8]) we get

k
Sk(gn+1) = Z |In+1(x5) = gni1 (1)
j=1

= 10 ) — onlrles 1 )or 0]

sup 1] Z |9 (7 (25)) — gn(T(25-1))] + sup 19a1 D> lo1(x5) = g (wj-0))

j=1

IN

aVi(gn) + "Vi(g1) by Definition [3.20]
ana" 'Vi(g1) +a"Vi(g1) by induction hypothesis

VARVAN

Hence sk (gni1) < (n+ 1)a"Vi(g1) for any k& > 2. Letting k — oo, we get
Vi(gn+1) < (n+1)a"Vi(g1). O

Lemma 3.24. If 7 : I — I is piecewise expanding then there two constants
0<C<1andR >0 such that
vieBV(I): P fllsv < Clflsv + R f] (3.23)

PROOF. Let us apply (3.21]) to 7" instead of 7. By using (12.14)), Remark
13.21} and ((3.22)) we get

VIBS) <€ (@ 4 Vila)Vilh) + 8 )

W)
o=

Since 0 < a < 1, then o™ — 0 and na™ 'V;(g;) — 0 as n — oo, then
there exist ng € N,0 < Ay, By < 1 such that for any n > ng

Vi(P"f) < AVi(f) + Bl f| (3.24)

< (0" +na" Wilg)Vi(f) + L/l
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Starting from 77 instead of 7, we may suppose that (3.24]) holds for any
n > 1. Now

Vi(PS) = it ViR

Jint (A1) + By )

h:ilfllfe'(Alvl(h) + By||f|]) since f=h a.e.
A int Vi(h) + By

AVE(f) + Bl fl

I IA

IN

Hence

1P fllsy = B fIl + Vi (P"f)
< IfIT+AVE(S) + Bl S]]
< Aulfllsy + (1= Ar+ By £

O

Theorem 3.25. Let 7 : I — [ be a piecewise expanding transformation.
Then T admits an absolutely continuous invariant measure whose density is

of BV.

PrROOF. By Theorem , we have to prove that there exist f, € BV ()
such that P.f, = f.. We apply Lemma to f = 1: There exist two
constants 0 < C' < 1, R > 0 such that

PPy < Clllf[pv + R <C+ R, n>1 (3.25)

Relation ([3.25) means that the sequence of function {P"1} is a bounded
subset of BV(I). For n > 1, let

] e . 1
== Pi1==-(P.1+4 P?1+..+P"1l
f nJZI 1= (P14 PP+ ..+ PI1)
Then
sy = 123 Pl < S 1P < 2SS C Ry = C 4 R
n nj:1 T —nj:1 T —nj:1
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Hence the sequence {f,} is also bounded subset of BV(I). By Helly’s
Theorem there exist a subsequence {f,,} that converge in L'(I) to a
function f. € BV (I). Next, we will prove that P, f, = f..

HPTf* - f*H < HPTf* - P'rfnk + PTfnk - fnk + fnk - f*”
< NPefe = Prful + 1P for = fll + [ fr = il
< e = fadll + 1P fa = frill + [ fr = S]]

Since f,, — f. in L*(I) then || fi — fu,.]l = 0 as k — oco. On the other hand
1 s 1 o
L e O B >_ Pl - o > P
Jj=1 j=1
= nikHPfl + o+ P+ P;‘k+11 — (P14 P21+ ...+ P™1)|

1
= P =P < — HP””llIIJrHP 1
k

1 2
< —(1+1)=——=0ask— o0
Ny N
Hence || P, fi — fi|| < ax — 0 as k — oo. So, P, f. = f.. 0

Examples 3.26. 1- Tend map: We know that 7 is piecewise expanding
on I = [0,1] Hence, there exist by Theorem f« € BV(I) such that

Prf* = f*
On the other hand, we know from Example that

1

Pf(x) = 5[f(G) + f(1=3)] (3.26)

We deduce easily from that the constant function f, = 1 satisfies P, f, =
e
(z+1)2—-1 if0<z<+v2-1

2-Let 7(z) =< .., _
{—f if V2-1<w<1

Then
g(x):L: (@+1) if0<z<+v2-1
|7/ ()] 2 V2 ifyV2-1<z<1

91(7) = 5555 +1 is of BV on [0, /2 — 1] as C'-function.
g2(x) =2 — V2 is of BV on [\/_ —1,1] as constant function.

39



Hence g is of BV on [0,v/2 — 1]U [v2 — 1,1] = [0,1].

We conclude that 7 is expanding on I = [0, 1]. By Theorem m there exists
f« € BV(I) such that P.f, = f..

On the other hand,By Theorem [3.18] we can easily find that

1
2vVe +1

However, there is no apparent function f, such that P,f, = f, as for tent
map.

P f(z) = FWz+1-1D)+2-V2f(2-V2)z+v2-1)

Remarks 3.27. 1- The condition "7 piecewise expanding" is not necessary
to obtain an invariant density. It is only a sufficient condition. For example,
the logistic map is not expanding but it admits an invariant density.

2- Theorem says only that f, exists. For the determination of f,, recur-
rent sequences f,.1 = P, f, are always used to approximate f,.
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Chapter 4

Invariant densities for random
maps

In this chapter, we introduce the concepts of random map and the associated
transfer operator. Moreover, we study the existence of a.c.im. when a
random map is generated by piecewise monotonic maps.

For this chapter, we will refer to [3], 4, [7].

4.1 Transfer operators for random maps

Let (X,.A, u) be a o-finite measure space.

Definition 4.1. A random map T on X is defined by
T=(T\,T ... Thiq1,q2, - k) = (Thsq - 1 <k < K)

where

o T, Ty, ..., Tk are K transformations of X that is T}, : X — X is non-
singular for 1 < k < K.

e {q1,42,...,qx } is a probability vector that is 0 < ¢ < 1 for any 1 <
k < K and Zszl qr = 1.

The randomness of T' is given by

T =T, with probability ¢; 1<k<K (4.1)
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(See [3] for more details). By iteration of 4.1 we get
T? = (Ty, o Ty,,) with probability qu,qr,; 1 < ki, ks < K
In general, we have
T" = (1), 0 --- 0 Ty,) with probability qx, - qr;; 1 < k1, ..,k < K
Examples 4.2. 1- Consider T' = (T1, T5; 3, 3) where T} : [0,1] — [0, 1] is the

logistic map and 75 : [0, 1] — [0, 1] is the tent map. We can easily verify that
T? is also random map and

3 3 1 9
2 2 2.
T —(T1ng,TQoTl,Tl,Tz,—16,—16,—16,—16)
2- Consider T' = (Ty,qr : 1 < k < K) such that Ty =T, = -+ =T = 7,

then T' = 7, and there is no randomness.
It is in this sense that random map generalize single maps.

Remark 4.3. In general, if T' = (T}, q, : 1 <k < K) and S = (5,7, : 1 <
j < J) are random maps on X, then 7' o S is a random map on X and

ToS=(TyoS;;qr;:1<k<K1<j<J) (4.2)
In particular
T2 = (ThoTyiqu g 1< k,j < K)
[4.2l means that
(T'oS) = (1}, 0 S;) with probability 1 <k < K,1<j</J

Definition 4.4. Let T = (T}, Ts, ..., Tk; q1, G2, ---, gk ) be a random map on
X. A measure v on (X, .A) is said to be T-invariant if

v(A) = Y av(T{'(A); A€ A (4.3)

Next, we consider the important case where v absolutely continuous with
with respect to p.
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Theorem 4.5. Let T = (T, Ts, ..., Tx; q1, G2, ..., qi) be a random map and
let f € LNX),f > 0. Then the measure v = (f - ) is T-invariant if and

only if
K
F= S abnf (4.4)
k=1

where Pr, is the transfer operator of the single map Ty, for 1 <k < K.
PROOF. Let A € A. Using[4.3] we get

(f-m(A) = > alf m)(T(A)

= o[ f@uld)

k=1 T, (A)

Since (f - pu)(A) = [, f(@)u(dx), we deduce that (f - p) is T-invariant if and
only if

/Af(x),u(dx):/AquPkau(dx); Aec A

k=1

We conclude by Corollary that [4.4] holds. O

Definition 4.6. The operator Pr: L'(X) — L'(X) defined by

K
Prf =Y aPrf; feL'X) (4.5)

k=1
is called transfer operator for the random map T
Corollary 4.7. Let f € LY(X), f > 0. The measure (f - p) is T-invariant if

and only if f is an invariant function for Pr, that is Prf = f.
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Example 4.8. Let T} : [0,1] — [0,1] be the tent map, we have seen in
Example that

)+ f(1—2)]

Prf(e) = 51/ .

2
Let T3 : [0,1] — [0, 1] be the di-adic map, we have seen in Example that

)+ G+ o)

Prf(z) = 2[

Consider the random map T = (T, Ty; £ 3 3) then by Definition

Prf(@) =5 f(5)+ 5 /(1-5)+3/(5 +3)

In the next two results, we prove that the transfer operator associated to
a random map, has similar properties as the transfer operator associated to
a single map.

Theorem 4.9. Let T = (11,15, ..., Tk; 1, G2, ---, qx ) be a random map onX
and let Pr be the associated transfer operator. Then

1. Pr is a linear operator: For all fifs € LY(X); A, A2 €R
Pr(Aifi + Xaf2) = MPr(fi) + A Pr(f2)

2. Pr is a positive operator: If f € LY(X), f >0, then Prf > 0.

3. Pr preserves the integral: For each f € L'(X)

/PTf p(dx) /f

4. Pr is a contraction: For any f € L'(X)

1Pl < 1A

PrROOF. For the proof, we use essentially that for each T; the associated
transfer operator Pr, satisfies these properties by Theorem [2.12} 1- Let f1 fo €
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LM(X); M, A € R, then by (&)

K
Pr(Aifi+ Xaf2) Z QG Pr, (M fi + Ao f2)

Mw

(M Pr, fr + Ao Pr f2)
k=1

= A\ ZQkPkal + )\QZQkPkaZ

= AlpT(fl) + )‘2PT(f2)

2-If f € LY(X), f > 0 then Theorem 2.12, Pr, f > 0 for each 1 < k < K.
Hence Prf > 0 as sum of positive terms.
3- Let f € L'(X) then

/XPTf(a:)M(d:v) = /ngkPka qu/PTk u(dz)

- iqk /X Flx)u(de) = /X f(x)u(dx)'ZQk: /X f(z)p(dz

4- Let f € L'(X) then

[1PrfIl = 1] quPkall < quIIPkaII < qullfll = IIfIIqu L7l

Theorem 4.10. 1. Let T and S be two random maps on X, then
Prog = Pro Ps

2. Let T be random map on X, then Pprn = (Pr)" for alln > 1.

PROOF. 1-Let T'= (T},qr : 1 <k < K)and S = (S;,r;: 1 <j <J) and
feLYX). By [#.2), we get

J K
Prosf = Z Z @7 Proor, | = Z Z a1 Pr, o Pr, f

j=1 k=1 j=1 k=1
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On the other hand, using (4.5)) for Pr and for Ps, we obtain

J J
ProPsf = Pr(Psf)=Pr(Y_ riPr,f) = riPr(Prf)

J K J K
= erzquTk(Pij> = ZZQijPTk o Pr, f
=1 k=1 j=1 k=1
2- The proof is obtain by induction as in Theorem [2.12] O

4.2 Representation of the transfer operator

In this section, we consider random maps on compact intervals such that all
its components are piecewise monotonic by the same partition. We give the
representation of the associated transfer operator and we study the existence
of invariant densities.

Let T'= (Ty,;qr : 1 <k < K) be a random map on I = [a,b] such that
there exist a partition (common for 71, T, ...,Tx) P = P(ag, a1, ...,ay) for
which each T}, is piecewise monotonic: For all 1 <i < N, 1 <k < K

1. the restriction Ty ; of Ty over (a;_1,a;) is a C'-function which can be
extended to a C''-function Ty : [a;_1,a;] — 1.

2. |T](z)] > 0 for all z € (a;_1,a;).

In this case, it is known that 7T} ; is monotonic and T, ' : I — [a;_1, a].
With this notations, we have the following

Theorem 4.11. For any f € L*(I)

KX (I )
P _ , 46
PROOF. By definition [4.6] we have

K
Prf=> aPrf (4.7)
k=1
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By Theorem [3.18] applied to each T}, we have

(P, f)(x) =

By combining [4.7] and (.8 we deduce [4.6] O

Example 4.12. Let T; : [0, 1] — [0, 1] be the logistic map, we have seen that
in Example that

1 1 1 1 1
Prf(z) = 4—m[f(§ - 5@) +fG+ 5@)]
Let Ty : [0,1] — [0, 1] defined by Ty(x) = {; __Qf Zj: 2 i z i% Then
Prf(@) = 5150 + FC 0

Consider the random map T = (11, T5; i, Z%), then by Theorem we get

1 1 1 1 1
PTf(w):m[f(§—§vl—$)+f(§+§vl—$)]
T R (nd)

Theorem 4.13. Let T' = (T\,Ts, ..., Tk; q1,q2, ..., qx) be a random map on
I = [a,b] such that there exists a partition P of I such that each Ty is
piecewise expanding with respect to P. Then there exists f. € BV (I) such
that Prf, = f..

The proof is similar to the proof of Theorem [3.25, We will refer to [7] for
all details.

Remarks 4.14. 1- Combining Theorem Theorem and Definition
[4.6] we conclude by Theorem that v = (f - p) is T-invariant.

2- By Theorem for each 1 < k < K there exist f,, € BV (I) such that
Pr, fir = f«r. But a priori there are no apparent relations between the f,
and f, only in the trivial case f.1 = fi2 = ... = fir We obtain f, = fi1.
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Examples 4.15. 1- Let T' = (T1,T2;¢q1,q2) where 177 : [0,1] — [0,1] is
the tent map, 75 : [0,1] — [0,1] is the di-adic map and let (g, ¢2) be any
probability vector.

We have seen in Remark [2.16]that the constant function f, = 1is Tj-invariant

and Th-invariant. Hence 1 is T-invariant.
2- Let T'= (T4, T3; %, %) where
r+12 -1 if0<zr<v2-1
Ti(z) = {( ) fo< V2 and

T2<x>={«§1 f0sz<v2-1

s ifV2-1<e<l

Then T and T5 are piecewise expanding with respect to the common partition
P(0,v/2—-1,1).
We have seen in Example that

Pr, f(z) = N%wa—x F1-1)+ 2 - V22— V2)e+v2-1)
For T5,
Prf(@) = <= f(V2= 1) + s——=f(1 = (2= V2)o)
By Theorem [.11],
2 1
Prf(z) = gmf(vw‘Fl - 1)
- M_T@(2—ﬁ)f((2—ﬂ)x+ﬁ— 1)
3 1 3 1
t g (V2 et (- (2 VO)

By Theorem [4.13 Then there exist f. € BV ([0, 1]) such that Prf. = f.. But
a priori there are no apparent relations between the three densities f, 1,f«2

and f,.
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