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Introduction

The concept of degree dates back to the end of the eighteenth century.
Kronecker! introduced the degree for C' functions from R™ to R"™ in 1869.
Poincaré?, Bohler 3, and Hadamard* developed the degree for continuous in
the beginning of the twentieth century. L.E. Brouwer® extended the degree
for continuous maps between manifolds of same dimension and presented
some applications.

The case of infinite dimension was considered by Leray and Schauder in
1934 6. They constructed the degree starting from Brouwer’s degree for the
class of compact perturbations of identity and their approximation by maps
with finite-dimensional range.

In this project, two topological degrees are investigated. First, Brouwer’s
topological degree for continuous functions defined on open bounded subsets
of Euclidean space is presented in Chapter 2. The construction considers the
regular and singular cases, separately. The main properties of the degree are
proved in detail. The classical Brouwer fixed point theorem as well as some
equivalent forms are derived from the general theory of this degree. The

Krocker, L. (1869) Uber systeme von funktionen mehrer variabel n, Monatsberichte.
Acad. Wiss. Berlin, pp. 159-193, 688-698

2Poincaré, H. (1892,1899) Méthodes nouvelles de la mécanique céleste (3 volumes).
Gauthiers-Villars, Paris.

3Bohl, P. (1904) Uber die bewegung eines machaniscsches systems in der niihe einer
Gleichgewichtslage. J. Reine Angew. Math. 127, 176, 179

‘Hadamard, J. (1910) Sur quelques applications de 'indice de Klonecker; dans "intro-
duction & la théorie des fonctions d’une variable", par J. Tannery, Vol. II, Hermann, Paris,
pp- 875-915

5Brouwer, L.E.J. (1912) Uber abbildung von Mannigfaltigkeitein. Math. Ann 71; pp.
97-115.

6Leray, Jean; Schauder, Jules. Topologie et équations fonctionnelles. (French) Ann.
Sci. Ecole Norm. Sup. (3) 51 (1934), 45-78



retraction theory is also introduced and the non-retraction of the unit ball is
proved in the finite dimension case.

From Brouwer’s degree, Schauder’s topological degree in infinite dimen-
sion is introduced in Chapter 3 by an approximation method for the class of
compact perturbations of the identity mapping. The construction relies on
an approximation result of compact mappings due to Schauder. Then the
main properties follow from those proved in the finite-dimensional case. The
Schauder fixed point theorem and some variants including nonlinear alterna-
tives and boundary condition results are then derived.

Chapter 4 is devoted to some applications to the solvability of some ini-
tial and boundary value problems associated with differential equations. We
show how Leray-Schauder topological degree helps in providing some exis-
tence theorems.

In Chapter 1, we have collected several auxiliary results from Topology,
Functional Analysis, and Vector Calculus that we have used throughout the
project.



Chapter 1

Preliminaries

In this chapter we will present some of the definitions, theorems and symbols
that will be used throughout this research. For more details, we refer to
[5, 7].

1.1 Topology

In this section, we present some of the important concepts associated to
topology such that the compactness and connectedness which will be needed
in this research project.

1.1.1 Topological Space

First, we introduce some basic definitions and theorems related to topology.

Definition 1.1.1. A topology on a set X is a collection T of subsets of X
having the following properties:

(1) O and X are in 7.

(2) The union of the elements of any sub-collection of T is in T.

(8) The intersection of any finite sub-collection of T is in T.

A set for which topology T has been specified is called a topological space and
is denoted by (X, ).

Examples 1.1.1. If X is any set, the collection of all the subsets of X is a
topology on X called the discrete topology. The collection that consist of X
and ) only is also topology and called the indiscrete topology.



Definition 1.1.2. U C X s an open subset of X if U € 7.
Definition 1.1.3. C' C X is a closed subset of X if X\C is an open.

In any topological space, we can see that () and X both are open and
closed sets. We give an equivalent characterization of open sets.

Proposition 1.1.1. Let (X, 7) be a topological space. A nonempty subsel
A C X s open if and only if for all v € X, there exists U € T such that
relUCA.

Proof. Assume that A is an open set then for all z € A, v € A C A.

Conversely, we have A = |J, ., U, which is open since 7 is topology. n

Theorem 1.1.1. Let (X, 7) be a topological space. Then,
(1) The intersection of closed subsets of X is a closed set.
(2) The finite union of closed subsets of X is a closed set.

Proof. (1) Let (U,)a be a collection of closed subsets in X. In order to show
that (), U is closed, we show that its complement is open. Indeed, note
that X\ (N, Ua) = U, (X\Us). Since U, is closed, X\U, is open and so
U, (X\U,) is open. It follows that [, Uy is closed.

(2) Let |J;_, U; be a finite collection of closed subsets in X. We follow the
same method mentioned in the proof of part (1), i.e, we show X\ |J_, U; is
open. Indeed, since X\ J_, U; = (., X\U; which is open as X \U; is open.
Hence, |J;_, U; is closed. O

Definition 1.1.4. Let V' is a subset of X containing x. We say that V is a
neighborhood of X, if there exists an open set U such that x € U C V. The
set of all neighborhoods of x will be denoted by N,.

Definition 1.1.5. Let A subset of X. The closure of A s the intersection
of all closed sets containing A and will be denoted by A. An equivalent
definition to the closure can be given as, * € A if and only if for every
U € N, containing x, we have U N A # ().

Examples 1.1.2. Let X = {a,b,c} and 7 = {X,0,a,b, {a,b}}. Set A= {b}.
Then, the closed sets are X, 0, {b,c},{a,c} and {c}. Hence, A = {b,c}.

Definition 1.1.6. Let [ be a real-valued function defined on topological space
X. The support of f, denoted supp f, is defined by

supp f ={z € X : f(x) # 0}.

7



Definition 1.1.7. Let A C X. A point v € A is called interior point of A if
there is an open subset U such that x € U C A. The set of all interior points
of A is denoted int(A).

Definition 1.1.8. Let A subset of a topological space X and x € X. We say
x is a limit point of A if for every U € N, we have U N A\ {x} # 0. The set
of all limit points of A is denoted A’.

Definition 1.1.9. Let A be a subset of topological space X and x € X. We
say x s an isolated point of A if there exists U € N, such that UNA = {x}.

Examples 1.1.3. Let X = Rand A = (0,1]U{2}. Then, A’ = [0, 1] as every
neighborhood of 0 intersects A in other point than 0 itself so, 0 € A’.The
same holds for every point in [0, 1]. For the element 2, there is a neighborhood
which intersects A only in 2, i.e, 2 ¢ A’ but this shows that 2 is an isolated
point. The set of isolated points is {2}.

Theorem 1.1.2. Let A subset of topological space X. A closed if and only
if A= A.

Proof. If A = A, then clearly A is a closed set. Conversely, assume that A is
closed. From the definition of A, we already know that A C A. Conversely,
if x € A, then every closed set containing A contains A in particular. Hence,
r € Aand A=A, m

There is another way to describe the closure of a set, that involves the
limit point which will be considered now.

Theorem 1.1.3. Let A subset of topological space X. Then A= AU A'.

Proof. By definition, A and A’ are subsets of A. Hence AUA ¢ A. Con-
versely, let © € A and x € A. Then, every neighborhood of = intersects A in
at least one point different from x, proving that x € A’ O

Definition 1.1.10. Let (X, 7) be a topological space. If A is a subset of X,
the collection T4 = {ANU : U €7} is a topology on A called the subspace
topology, and A is called a topological subspace of X or just a subspace.

Next we discuss the continuity of function defined in topological spaces.

Definition 1.1.11. If X and Y be topological spaces. A function f: X —
Y is said to be continuous if any open subset V of Y, f~Y(U) is an open
subset of X.



Examples 1.1.4. Let X = {1,2} with topology 7x = {0, {1}, X} and Y =
{1,2,3} with topology v = {0,{2},{3},{2,3},Y}. Consider f: X — Y
where f(1) =2 and f(2) = 1, then f~'({2}) = {1} which is open in X and
f~HY) = X also open in X thus, f is continuous.

Theorem 1.1.4. Let X andY be topological spaces. A function f : X — Y

is continuous if and only if for every closed subset C CY, f~1(C) is closed
n X.
Proof. Suppose that C'is closed set in Y, i.e, Y\C' = U is open, since f is con-

tinuous we have f~'(U) open. Note that f~1(C) = f~Y(Y\U) = X\ f~}(U),
which implies that X\ f~1(U) = f~1(C) is closed. O

Definition 1.1.12. Let X and Y are topological spaces. A function f :
X — Y is said to be sequentially continuous at a point xo if for all (x,), C
X such that lim, o , = xo, we have lim, . f(x,) = f(xo). [ is sequen-
tially continuous if [ is sequentially continuous at each v € X.

Theorem 1.1.5. If f is a continuous function, then f is sequentially con-
tinuous. The converse is true if X is a metric space.

Lemma 1.1.1 (Pasting Lemma). Let X = AU B where A and B are
closed. Let f : A — Y and g : B — Y are continuous functions and
f(x)=g(z) forallz € AN B. If

h(z) = {f(x), zeA
g(r), x € B,

Then h is continuous.

Definition 1.1.13. (1) Let X and Y be topological spaces. A function f :
X — Y is said to be homeomorphism if f is bijective map and f and f=*
are continuous.

(2) If there exists a homeomorphism function between two topological spaces,
then we say that the spaces are homeomorphic.

Definition 1.1.14. A topological space X is called a Hausdorff space if for
each x,y € X with x # y, there exists an open set U containing x and an
open set V' containing y such that UNV = ().

Definition 1.1.15. Let X be a set. A metric on X is a function d : X X
X — R satisfying the following properties:

9



1. d(x,y) >0, Vx,y € X and, d(z,y) =0z =y.

2. d(z,y) =d(y,z).
3. d(z,y) < d(x,y) +d(y,z), Va,y,z € X. (Triangular Inequality )

If d is a metric on a set X, then the pair (X, d) is called a metric space
and the number d(z,y) is called the distance between x and y. Given € > 0,
the set B(z,e) = {y € X : d(z,y) < ¢} is called the open ball centered at x
with radius €.

Definition 1.1.16. Let (X, d) be a metric space. A set A C X is said to be
bounded if there is v > 0 and © € X such that A C B(z,r).

Theorem 1.1.6. Let (X,d) be a metric space and A C X. Then x € A if
and only if there is a sequence x, in A such that x, converges to x.

Corollary 1.1.1. Let (X,d) be a metric space and A C X. A is closed if
and only if for any sequence x, € A such that x, converges to x, we have
x € A.

Proof. Suppose A is closed and z, € A with x,, — =z, as n — oco. By
the previous theorem, we have x € A = A. Conversely, let z € A. By the
previous theorem there is z, such that z, — x, as n — oo. Hence by
assumption = € A, i.e, A C A. Therefore A = A, and so A is closed. n

Definition 1.1.17. Let X be a metric space with metric d. Let A subset of
X. We define the distance of a point x € X and the set A by

d(xz,A) = inf {d(z,y) : y € A}.

Definition 1.1.18. Let X be a metric space with metric d. We say that a
subset A of X is bounded if there is some number M such that d(z,y) < M,
for all x,y € A. If A is bounded and nonempty, then we define the diameter
of A by

diamA = sup {d(x,y) : x,y € A}.

Theorem 1.1.7. Let (X,d) be a metric space and A C X be nonempty
subset. © € A if and only if d(x, A) = 0.

10



Proof.

r€ASYr>0B(xr)NA#D
& Vr >0 there exists y € A such that d(z,y) <r
@;relgd(x,y) =0
< d(z, A) = 0.
[

Corollary 1.1.2. Let A be a closed subset in a metric space X, and x ¢ A.
Then, d(z, A) > 0.

Proof. A is closed if and only if A = A. Since 2 ¢ A, then by the previous
theorem we have

d(z,A) #0 < d(z, A) >0

Theorem 1.1.8. Every metric space is a Hausdorff space.

Proof. Suppose z,y € X where X is a metric space and = # y, we take
r1,72 > 0 such that, 0 < ry + ry < d(x,y) then B(z,r) N B(y,ry) = 0.
Otherwise, there exists some z € B(x,r;) N B(y,r2). Then

0 S d(l’,y) S d([E, Z) + d(Z,y) <rp+re < d([[’,y),
which is a contradiction. Hence the space X is Hausdorff. O
Examples 1.1.5. Since R” is a metric space, R" is Hausdorff space.

Theorem 1.1.9. If X is a Hausdorff space, then the one-element set {x} is
closed.

Proof. Let Y = X\ {2z} and y € Y be such that x # y. Since X is Hausdorff,
there exist open sets U, 3 « and V,, 5 y open such that U, NV, = 0. The set
V= Uyey V, is open. Indeed, if y € V then there exists y such that y € V,
and so y # x i.e,y € V CY. Hence, Y is open i.e, {z} is closed. ]

Theorem 1.1.10. Fvery finite set in Hausdorff space X 1is closed.

Proof. Consider X D C' = {zy,2,..., 25} = U, {2;} which is the union
of a finite number of closed sets. Using Theorem 1.1.9, it is closed as a finite
union of closed sets (see Theorem 1.1.1). [

11



Corollary 1.1.3. If x € R" and f is continuous, then f~'({x}) is a closed
set.

Proof. R™ is Hausdorff and so {z} is closed. Since f is continuous then
F7t({z}) is closed according to Theorem 1.1.4. O

Two important concepts in topology are now considered.

1.1.2 Connected Space

Definition 1.1.19. Let X be a topological space. A separation of X is a pair
U,V of disjoint nonempty open subsets of X whose union is X. X s said to
be connected if there is no separation of X.

Examples 1.1.6. If X = {a,b}, then X is not connected for the discrete
topology, since there is a separation of X, X = {a} U{b} and {a} N {b} =0,
where {a} and {b} are open. X is connected for the indiscrete topology since
the only open sets are X and 0.

Lemma 1.1.2. If ' and D form a separation of X and if Y is connected
subspace of X, then Y lies entirely in C' or in D.

Proof. The sets CNY and D NY are open in Y since C' and D are open in
X. Also (CNY)N(DNY)=0since CND=0. Note that, Y =Y N X =
YN(CUD)=(CNY)U(DNY), which form a separation of Y. But Y is
connected, hence CNY =0 or DNY =0. fCNY =0, then DNY =Y
andY CD. It DNY =0, then CNY =Y and Y C C. O

Lemma 1.1.3. Let Y subspace of X and (A, B) a partition of Y. Then,
(A, B) is a separation of Y if and only if AN B =0 and AN B =1,

Theorem 1.1.11. Let A be a connected subspace of X. If A C B C A, then
B is connected.

Proof. Let C and D form a separation of B. Since A C B, using Lemma
1.1.2, AC C or A C D because A is connected. Suppose that A C C, then
A c C. Furthermore, CND = (C'UC)ND = (C'ND)U(CND) = as C and
D form a separation. Since A C B C A C C, then B C C and BN D = 0.
This is a contradiction with the fact D C B. Hence B is connected. O

Corollary 1.1.4. If A is connected subspace of X, then A is connected.

12



Proof. Since A C A C A, A is connected according to the previous theorem.
O

Definition 1.1.20. Define a relation ~ on X defined by x ~ vy if there
is a connected subspace of X containing both x and y.This relation is an
equivalence relation and the equivalence classes are called the components
or the connected components of X. For x € X, we denote by C(x) the
equivalence class of x.

Theorem 1.1.12. The components of X are connected disjoint subspaces
of X whose union is X, such that each nonempty connected subspace of X
intersects only one of them.

Remark 1.1.1. For z € X, C(z) is the maximal connected subspace of X
containing x.

Theorem 1.1.13. Each connected component is connected and closed.

Theorem 1.1.14. If x,y € X, then C(z) and C(y) are either equal or
disjoint.

Proof. Suppose that C'(z)NC(y) # 0. Let z € C(x)NC(y). z € C(z) implies
C(x) C C(z) since C(z) is the maximal connected subspace that contains z

and C(z) is connected. For the same reason x € C(z) implies C'(z) C C(x)
and so C'(z) = C(z). Similarly, C(z) = C(y) hence C(x) = C(y). O

Proposition 1.1.2. If X has a finite number of the components, then every
component is open.

Proof. Let C;, i =1,2,...,n. be all the components of X, then X = J_, C,
hence X\C; = U?:Lz‘#j C;, 7 =1,2,...,nis closed since the finite union of
closed set is a closed set. Thus, X\C} is closed i.e, C; is open. ]

Definition 1.1.21. Let X be a topological space and x,y € X. A path in
X from x to y is a continuous map f : [a,b] = X, such that f(a) = x and
f(b) =y, where [a,b] is a closed interval in R. X is said to be path connected
if for every x,y € X, there a path joining x to y.

Theorem 1.1.15. If X is a path connected, then X is connected.

Definition 1.1.22. Define another equivalence relation ~ on X by x ~ y if
there is a path in X from x to y. The equivalence classes are called the path
components of X.

13



Recall that a collection A of subsets of a space X is a covering of X, if
the union of the elements of A is equal to X. For example, the components
covers X. It is called open covering if the elements of A are open subsets of
X. So now we introduce the compactness.

1.1.3 Compact Space

Definition 1.1.23. A topological space X 1is said to be compact if every open
covering of X has a finite sub-covering.

Examples 1.1.7. R is not compact. Indeed, consider the open cover R =
Unen(—n,n). Suppose there is a finite subcover i.e, there is NV € N such that

R = Uivzl(—n, n). This is impossible since R unbounded.

Theorem 1.1.16. Let X be a compact space, and A C X a closed subspace.
Then, A is compact.

Proof. Suppose that A C |J,c; Ua, where U, is an open in X for each o € I.
Let B = X\A, then X = B U J,; U, which is an open cover. Since
X is compact, there is some N € N such that X = BU Uf\il U,,;. Thus,
Ac BUUY,U,, = X, since Ae X\B. Then A c Y, U,, = X and A is
compact. O

Theorem 1.1.17. Let X be a compact space and f be continuous function.
Then f(X) is a compact space.

Proof. Suppose f : X — Y is a continuous map. Let f(X) C {,e; U,
where U, is an open subset of Y for each o € I. Then, X C f~'(U,c;Ua) =
Uuer /71 (Us). Since f is continuous, then f~'(U,) is an open subset in X
for each o € I. Since, X is compact, then X = Uf\il fY(U,,), for some
N € N. Hence, f(X) = f(UL, f7'(Ua)) = UL S/ (Ua) € UL, Ua
Therefore, f(X) is compact. O

Definition 1.1.24. Let X be a topological space. The space X is said to
be sequentially compact if every sequence of points of X has a convergent
subsequence.

Theorem 1.1.18. Let A be a subset of metric space. Then, A is compact if
and only if A is sequentially compact.

14



Theorem 1.1.19. Let A be compact subset of metric space X, then A is
closed and bounded.

Proof. Suppose x € A. Then there is a sequence z,, € A such that z,, — z,
as n — oo. Since A is compact, then A is sequentially compact. Thus,
x, has a convergent subsequence x,, which converges to z. Then z € A,
i.,e, A is closed. Now, we show that A is bounded. Fix z € X. Then
X = U,en B(#,n), which is an open cover. Since, A is compact and A C
U,en B(x,n), then there is N € N such that A C UY, B(x,i) = B(z, N).
Hence, A is bounded. n

Definition 1.1.25. Let A C X, then A is relatively compact if the closure
of A is compact.

Theorem 1.1.20. If C is compact then, A C C' is relatively compact.

Proof. A C C which implies that A cC C =C. Since Ais a closed subset of
C which is compact, then A is compact and so A is relatively compact. [

Theorem 1.1.21. If A is relatively compact, then A is sequentially compact.

Proof. Since A is relatively compact then A is compact, and so sequentially
compact. ]

Theorem 1.1.22. If (X, d) is a metric space, then the following statements
are equivalent:

(i) A is relatively compact.

(ii) For each sequences x, € A there is a sub-sequence of x,, which converges
in X.

Proof. Let A is relatively compact. Then A is sequentially compact, and

so if £, € A C A, then there is exists a sub-sequence T, converges to

some x € A C X. Conversely, we show that A is relatively compact, i.e,

A is compact. It is sufficient to show A is sequentially compact. Indeed,

let 2, € A, by the one of the characterization of the closure that we have
introduced in Theorem 1.1.6, there is y, € A for all n € N such that,

1

AT, yn) < —.

n

15



By hypothesis there is a sub-sequence y,, € A converges to some limit zy €
X. Since A is closed zy € A. Finally, by triangular inequality we have

d(mnka l’o) S d<xnk7 ynk) + d(ynka .Z'o) — Oa
as k — oo. O

Theorem 1.1.23. Let X be a Hausdorff space and Y C X is a compact
subspace, then Y 1s closed.

Proposition 1.1.3. If every component in a compact space is open, then the
number of components is finite.

Proof. Let (C(x)), be a collection of components of X, then X =, C(2)
with C(z) is open, hence [ J,.y C(z) is an open cover of X, as X is compact

then, there exists N € N such that X = (Y, C(x;). This implies that X
has N components. O

Definition 1.1.26. A space X is said to be locally compact at x, if there is
some compact set Y of X that contains a neighborhood of x. If X 1is locally
compact at each of its points, X is said to be locally compact.

Examples 1.1.8. R is locally compact, since for x € R, thereis [z—1,z+1] €
N, because z € (x — 1,z + 1) C [xr — 1,z + 1]. Hence, z € [z — 1,z + 1] C
[ — 1,z + 1] which is compact.

Examples 1.1.9. R” is locally compact, similar argument to R, we take
rE€R" thenz € [z; — 1,1+ 1] X [2o — L,zo + 1] X ... [2, — 1,2, + 1] €N,
which is compact.

Theorem 1.1.24 (Characterization of locally compact spaces). X is
locally compact if and only if the components of every open subset of X is
path component.

Let U C R"™ be an open set and C' C U, then C' is component if and only
if C'is path component (in this case, the components are open sets).

1.2 Functional Analysis

Definition 1.2.1. Let X be a vector space. A norm on X is a map -|| :
X — [0, 00) satisfying the following properties:
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(1) (Positivity) ||z|| > 0, and ||z]| =0 & x=0.

(2) (Homogeneity) ||[\z|| = |\|||z||, where X is any scalar and for any
reX.

(3) (Triangular inequality) ||z + y|| < ||| + ||lyll, for all z,y € X.

We call the space (X, || - ||) @ normed space.

Proposition 1.2.1. Let X be normed space. Then,

Jal| - uyu\ < llz—yl.

forall z,y € X.
Proof.
2] =[lz =y +yll < ]z — yll + ]l
=zl = llyll < llz —yl-
In addition,
lyll =lly — = + zf| < ||z — yll + [|=]]
=yl = llzll < [z = yl|-

Combining the inequalities, we obtain

Jall - uyu\ < llz—yl.

[l
Proposition 1.2.2. Let X be a normed space then B(z,r) = {x}+rB(0,1).
Proof. Let y € B(z,r); then

1
|y — || <T$;Hy—xH <1

Set z = (y — x), then y = x 4 rz which implies that y € {2} + rB(0,1).
Conversely, let y € {z} +rB(0,1), then y = = + rz with ||z|| < 1. Since,

ly —all = lrzl = rllzll <,
then y € B(x,r). O

Corollary 1.2.1. Let X be normed space. If y € B(x,r), then there exists
z € X with ||z|| <1 such that y = x —rz.
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Proof. By Proposition 1.2.2, y € {z} +rB(0,1) i.e, y = x + r2’ for some
2zl e X with [|2/|| < 1. Set z = —Z/, then ||z]| <1 and y = x — rz. O

Lemma 1.2.1 (Riesz’s Theorem). Let E be a real normed space and
M C E be a proper closed subspace. Then, for any ¢ € (0,1), there exists
zo € E such that ||zo|| = 1 and d(xg, M) = infyep |20 — yl| > €.

An important consequence of Lemma 1.2.1 is given by the following
lemma.

Lemma 1.2.2. Let E be a real normed space. Then, the unit closed ball

B(0,1) = {x : ||z|| < 1} is compact if and only if dimension of E is finite.

Definition 1.2.2. Let X be topological space and let A C X be nonempty.
The subset A is called o retract of X if there is a continuous function r :
X — A such that r(x) = x for all x € A. The map r is called a retraction.

Examples 1.2.1. Let X be normed space and A = B(xzg, R) an arbitrary
closed ball then A is a retract of X with a retraction given by

") = {x, x € B(z, R)

zo + HE=E) 2 ¢ B(wo, R)

[lz—2

R(z—x0)
llz—zol

Zo -+
by the pasting lemma 1.1.1. Moreover, as r(z) = xo + }ﬁﬁ;ﬁ?‘), then ||r(x) —
xo|| = Iﬁl{;ﬁ’l” = R, i.e, r(x) € S(xg, R) C B(xg, R). r is called the radical
retraction. Therefore, every closed ball of normed space is retract of this

space.

is continuous because ||z — x¢|| > R > 0, then r is continuous

Theorem 1.2.1 (Dugundji’s Retraction Theorem). Every closed convex
subset C' of a normed space X 1is retract.

Lemma 1.2.3 (Approximation Lemma). Let K C R" be compact and
f : K — R"™ continuous then, there exists ¢y > 0, such that for every
0 < & < g, there exist f. € C*°(R") and

1f(x) = fe(z)] < e

Definition 1.2.3. Let X be a vector space over R. An inner product is scalar
valued function (-,-) : X x X — R such that for all z,y,z € X and for all
a € R, we have

18



1. {z,x) >0

2. (z,x) =0 =0,

3. (x,y) = (v, 1),

4 {ow,y) = a(z,y)

5. (x+y,2z) =(x,2) + (y,2).

The space (X, (-,-)) is called an inner product space over R.

Theorem 1.2.2 (Cauchy-Schwarz Inequality). Let (X, (-,-)) be an inner
product. Then for all x,y € X

[z, 9)| < V{z,2)v/ (Y, y)

Theorem 1.2.3. Let (X, (-,-)) over R. For each v € X, define
]l = vz, z).
Then || - || defines a norm on X.

Remark 1.2.1. Using the norm, Cauchy-Schwarz Inequality becomes

(=, y)| < ll[lllyll

1.3 Differential Calculus

Definition 1.3.1. Let f € C(Q,R") N C*(Q,R"). If the component of f(x)

are fi(x), we denote f'(x) the derivative matriz

i) d d
@) S8(x) - ()
o o d
B@ L@ - W@
f(x) = :
Afn Afn Ofn
L) S2(z) - ()

and denote Jy(x) the determinant of f'(x) which called the Jacobian.
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Theorem 1.3.1 (The inverse function theorem). Suppose f : R" — R"
s continuously differentiable on some open set containing x and suppose
Jr(x) # 0. Then there is some open set U containing x and an open set V
containing f(x) such that f : U — V has continuous inverse f~':V — U
which is differentiable for ally € V.

Theorem 1.3.2 (Change of variable in R"). Suppose Q C R™ is a bounded
set and let n : R™ — R" be a one to one linear map and n € C*(R"). If
f:n(Q) — R is an integrable function then,

/ e dy—/f )| () da.

Theorem 1.3.3 (Continuity of integral with respect to parameter).
Let Q C R™ open, and F : [0,T] — R". defined by,

= /Qf(x,t)dz

where f is continuous in t and x. Then F is continuous with respect to t.

Lemma 1.3.1 (Sard’s Lemma). Let Q C R" be open and f € C'(Q). If
Sf(Q) = {.I' e Jf($) = O}

Then 1, (f(Sf(£2))) = 0, where p,, is the Lebesgue measure in R".
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Chapter 2

Brouwer’s Topological Degree
(the finite-dimensional case)

In this chapter, our main focus will be in the case of finite dimensional spaces.
We introduce Brouwer’s degree for continuous functions and explain the con-
struction of this degree. Also we present the main properties associated to
this important tool in Analysis. As an important consequence, we prove the
Brouwer’s fixed point theorem together with some of its applications. For
the results of this chapter, we refer to [1, 4, 6].

2.1 Regular Case

Let © be a bounded open subset of R” and f € C(Q,R") N C'(©,R").To
define the Brouwer’s degree, we first recall the Jacobian Js(z) of f at x (see
Definition 1.3.1).

Definition 2.1.1. Let z € Q C R", z is a regular point if J¢(xz) # 0.
Otherwise, © is said to be a singular point i.e, Jy(x) = 0 and we denote the
set of singular points by

SiQ) ={x e Q: Ji(z) =0}.
Definition 2.1.2. We say that p is a regular value, if for all x € f~1(p),x

is a regular point in other word, if f~1(p) N Sp() = 0. If p is not a regular
value then, p is called a singular value.

Proposition 2.1.1. If p is a reqular value and f~1(p)NOQ = 0, then, f~1(p)
s finite.
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Proof. Since p is a regular value then, for all z € f~*(p), J;(z) # 0. Using
the Inverse Function Theorem 1.3.1, for all z € f~!(p), there is U, € N,
such that, f|y, is homeomorphism. Thus, z must be an isolated point of
/7 Y(p) otherwise, f|y, is not bijective which is a contradiction. Hence, f~*(p)
consists only of isolated points. As, f~'(p) C Q C Q, and Q is a closed and
bounded subset of R then, Q is compact. Also, f~'(p) is closed and so
compact as the closed subset of a compact set compact. From the Inverse
Function Theorem 1.3.1, f~'(p) C Uxef—l(p) U,, which is an open cover of

£ (p) thus, there is N € N such that f~'(p) C UL, Us,, since z; are isolated
point for each i = 1,2,...,n, then U, N f~1(p) = {x;},Va; € f~p).
Therefore, the number of elements of f~!(p) is finite O

The following definition makes sense because of the previous proposition.
We start constructing Brouwer’s topological degree.

Definition 2.1.3 (Degree in the regular case). Let @ C R" open and
bounded subset and f € C*(Q)NC(Q). If p & [f(OQ) U f(S;(Q))], then we
define

deg(f,$2p) = erffl(p) sendy(z) of f7H(p) # 0
deg(f,Q,p) =0 if f~1(p) =0,
where sgn denotes the sign function.

Thus deg(f,2,p) € Z. The next result is an integral representation of
the degree defined above and will be considered as an equivalent definition.

Proposition 2.1.2. Suppose Q, f and p as in Definition 2.1.3. Let (¢c)e>0 C
C(R™ R) be a family of positive functions with supp p. C B.(0) = B(0,¢)
and [y, pe (x)dx = 1. Then, there exists eo(p, f) > 0 such that

@gﬁmmzlguﬂm—m#@mL

for all 0 < e < &q.

Proof. Suppose that f~'(p) = {w1,22,...,an}. If f7'(p) = 0, then there
is nothing to prove. Let v.(x) = ¢.(f(z) — p), where z € Q C Q. Thus
supp¥. C Q and so supp . is compact. Assume Ci,Cy,...,Cy are the

components of x1,xo, ..., xy respectively in supp .. Hence,
I= [ et@ -pyiz = [ @)
Q Supp e
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Since supp 9. covered by C4,Cs, ..., Cy, then

I = /svuppll)s Ye(2)Jp(z)d = ZZI/OZ V()| J ¢ () |sgnd s (x)d.

Note that Jg¢(x) is constant on each C;,1 <1i < N.

1=3 [ vlwendsas =3 siy(a) [ velal ol

= ngan(l“) /C p=(f(z) = p)Js(2)|dx

Since Jy_pz) = J¢(x) and applying the change of variable on R™ (see Theorem
1.3.2), we get

1= senlsta) [ el = playolds = 3 sendso) [ ety

B-(0)

As supp ¢. C B.(0) and given that [;, . () dz = 1, we conclude

[ el @) = p) e = 3 senda) = dea( . 2.p)

Examples 2.1.1. Let the function ¢.(x) : R™ — R be given by
cexp (—ﬁ) lz|| < e
pe(r) = -0
0 z]l = €,

where c is constant such that fRn v. = 1. We show that ¢. satisfies the
conditions stated in Proposition 2.1.2. Indeed, consider the function g :

R — R defined by
o(t) = exp (—%) t>0
0 t<0
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We can write ¢.(x) = ¢ <1 ”xH > We prove that, g € C°(R). Indeed,
1 1 1 1
Jg(t) = 73 €XP (—z> =P, (%) exp (—;) —0 as t— 0"
12 1 1 1 .
q'(t) = (t_4 t3) exp (—;) =P, (Z) exp (—;) —0 as t =0

where P, = (3)? and Py = (1)* —2(1)3. Thus by induction we conclude that

1 1
g™ (t) = Py, <¥> exp (—;) —0, as t— 0",

where Py, is a polynomial of degree 2n. Since g™ (0~) = 0, and g™ (0%) = 0,
we have ¢ (0) = 0. We deduce that g € C*(R).The function z ~ |z
is of class C*°(R) and so the composition ¢, is of class C*°(R). Let K =

{x e R": p.(x) #0}. If z € K we have, p.(z) # 0, i.e, g(1 — |$” Er) £ 0.
From the definition of g we have, 1 — ”"B” > 0, which implies ||xH < g, l.e,
K C B.(0). Therefore, supp ¢.(z) = K C B.(0).

The previous example guarantees the existences of . mentioned in Propo-
sition 2.1.2. The proof of the following lemma can be found, e.g., in [6].

Lemma 2.1.1. Let Q C R™ be an open bounded subset, f € C(Q)NCY(£),
and let v € C}(R") the space of all real valued continuous functions on R"
with compact support and supp v f(9€2) = (). Then there exists u € C}(R")
such that

divu(z) = Jp(x)divo(f(x)),

where dive =V - 0.

Proposition 2.1.3. Suppose that 2 C R" be open, bounded set, f € C(Q) N
CL(Q) and p, and py are regular values which lie in a ball of R™\ f(09). Then,

deg(f7 Qapl) = deg(f? Q7p2>'

Proof. We show that deg(f,€,p1) — deg(f,Q,p2) = 0. Indeed, take 0 <
e < min(e},e3) = &g, where &} = el(py, f) and €2 = €2(po, ). According to
Proposition 2.1.2 we have,

deg<f797p1) - deg(f797p2) = \/Q [%(f(x) _pl) - <ﬂg(f(I) _pQ)] Jf([[))dl’
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We can choose ¢ small enough so that ¢.(f(x) — p;) =0, for all x € 902 and

i=1,2. Let v(y) = w(y — p1) — p(y — p2). Then, suppv N f(0Q) = 0. By
Lemma 2.1.1, there exists u € C*(R™) such that suppu C Q and

[p(f(z) = p1) — e (f(x) — p2)] Jp(z) = divu,

By integration, we get

deg(fv val) - deg(f7 Q)pQ) = /

div u(x)der = / u-ndx =0,
Q

o0

where the second equality is the Divergence Theorem with 7 the outer normal
to Q. ]

2.2 Singular Case

Let p be a singular value. By Sard’s Lemma 1.3.1, there exists a regular
value p. such that ||p — p.|| < €. Let p be a singular value, p ¢ f(9) C R".
Then for all £ there exists a regular value p. such that p. € B(p, ). Suppose
by contradiction that, there exists g > 0, such that for all regular values p/,
we have p’ ¢ B(p,eo) which means that B(p,s9) C f(Sf(2)). This implies

that
tn(B(p, €0)) < pn(f(S7(2)))
& diam(B(p, £0)) < pa(f(S5(2)))
& 260 <0,

which is a contradiction.

Definition 2.2.1 (Degree in the singular case). Let Q C R™ be an open
bounded subset, f € C(Q)NCHQ), and p & f(00).Then define

deg(f, €2, p) = deg(f, 1),

where p' is a reqular value such that ||p — p'|| < dist(p, f(OR)).

Remark 2.2.1. (1) Note that in the previous definition, 02 is closed and
bounded in R", hence compact which implies that f(0€)) is compact as f
is continuous. Hence, f(012) is closed set and so, R™\ f(0f2) is open, then
dist(p, f(0€2)) > 0 by Corollary 1.1.2.
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(2) Definition 2.2.1 does not depend on the choice of p’. To see that suppose
p’ and p” are two regular values such that

lp —p'l| < dist(p, f(02)) = d,

and
lp — p"|| < dist(p, f(0)) = d.

Then p',p" € B(p,d) C R"\f(02). We check the last statement. Let y €
B(p,d) and = € 052, we have

ly — f(@) = [[(f(z) —p) = (y = D)l
> |If(@) = pll = lly — pll

= || f(x) =l = lly — pl
>d—|ly—pl >0, (since y € B(p,d)).

That is, y € R™\ f(012), and by Proposition 2.1.3, we have

deg(f,Q,p") = deg(f,Q,p").

2.3 Properties of the Degree

In this section, we give some of the main properties of the degree when
feCt()nNcC(Q) and p ¢ f(0N2). We start with the concept of homotopy.

Definition 2.3.1. Let X, Y be topological spaces and f,g : X — Y
continuous functions. A homotopy from f to g is a continuous function
H: X x[0,1] — Y satisfying

H(z,0) = f(z) and H(z,1) = g(z), for all z € X.

We write H(x,t) = Hy(z), Vo € X, YVt € [0,1]. We say that f and g are
homotopic.

Examples 2.3.1. If f,¢: @ — R" are two continuous functions, one may
define

H(x,t) =tf(z) + (1 —1t)g(z),
where ¢t € [0,1], then H(z,1) = g(x) and H(x,0) = f(x), i.e, H is homotopy.
We refer to H as a convex combination of f and g.
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Proposition 2.3.1. If f € C(Q), and p ¢ f(0N), then the there is g €
CY Q)N C(Q) such that, || f(x) — g(x)|| < dist(p, f(0Q)) and p ¢ g(Sy(2))-

Proof. Let h € C'(Q) N C(Q) such that || f(z) — h(z)|| < idist(p, f(09)),
h exists by approximation lemma 1.2.3. Now by Sard’s lemma 1.3.1 there
exists ¢ ¢ h(S,(€2)), regular value such that |[p — ¢|| < 3dist(p, f(9Q)). We
set g(z) = h(x) +p — ¢, then g € CHQ) N C(Q) and

[f(z) = g(@)|| = [|f(z) — h(z) —p+ 4]
< [[f(z) = h(@)| + llp— 4l
< dist(p, £(OQ)).

Moreover,
gx)y=pehx)+p—q=p< h(z)=q, Vo eQ.

Since J,(z) = Ju(z), then g ¢ h(S,(2)) implies p ¢ g(S,(€2)). To see why,
using contradiction suppose that y € g~'(p) N S,(R) then g(y) = p and
Jy(y) = 0 which equivalent to h(y) = ¢ and J,(p) = 0, which contradicts the
fact ¢ ¢ h(SL(2)). Finally we check that p ¢ g(09). Indeed

lp—g@) = llp—fz)+ f(z) —g(z)|

> ‘Ilf(:v)—pH—llf(x) ()II‘
= [[f(=) = pll = 1 f(x) — g(2)]
> || f(x) — pl| — dist(p, f(052)) >

Now, we collect the main properties of Brouwer’s topological degree.

Theorem 2.3.1. Let Q@ C R" be an open and bounded subset and [ €

CHQNC(Q). Ifp ¢ f(O), we have the following properties:
1 Q
(1) If p & 0N then, deg(1d, Q, p) = {0’ b Z _ where Id is the identity map.
p

(2) If p ¢ —(02) then, deg(—1d, 2, p) = {

identity map.
(3) (Continuity with respect to p) Ifp, ¢ f(0Q2) and d, = dist(p,, f(02)),

1" Q
(=1)", pG_ where 1d s the

0, p ¢ Q,

27



then B(p1,dy) C R™"\f(0R2). Let po € R™ be such that ||p1 — pa|| < di. We
have,
(a) p2 & [(O92).
(b) deg(f, €2 p1) = deg(f, S, p2). B
(4) (Invariance by homotopy of the degree) Let H(x,t): Q x [0,1] —
R™ be a continuously differentiable function and p; : [0,1] — R™ continuous
function such that py ¢ H(z,t), for all t € [0,1], and for each x € 0). Then
deg(H(-,t),Q, p;) does not depend on the parameter t.
(5) Let p ¢ f(0Q) and f,g: Q — R™ are in C*(Q) N C(Y), such that for
each x € 0F,
1f(x) = g(@)|| <[[f(z)—pl

then,

p & 9(0Q) and deg(f, €2, p) = deg(g, 2, p).
(6) (Existence property) If deg(f,Q,p) # 0, then there exists x € 2 such
that f(x) = p.
(7) (Domain decomposition) Let (£2;);cr C Q be a family of disjoint open
subsets of 0 such that either
(a) Uje; i = Q and p & f(0Q) or
(b) U;e; S C Q2 and p & f(O\Ue; ). Then

deg(f,Q,p) = deg(f, ,p),
iel
where only a finite number of terms are nonzero in the sum.

(8) (Excision property) Let K C Q closed subset and p ¢ f(K) U f(09).
Then,

deg(f,Q, p) = deg(f, Q\K, p)

(9) Let xo € Q be an isolated solution of the equation f(xzo) = p, then there
exists ro > 0 such that the degree deg(f, B(zo,7),p) is constant for all 0 <
r <7rp.

(10) (Multiplicity property) Let U C R and V C R™, f € CHU)NC(U)
and g € CHV)NC(V), where U and V are open bounded subsets of R™ and
R™, respectively. Let p ¢ f(OU) and q ¢ g(OV'). Then,

deg(f x g, U x V. (p,q)) = deg(f, U, p) - deg(g, V’ q)
where (f X g) defined by

(f x g)(x1,22) = (f(71),9(22)), V (21, 22) € R" x R™.
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(11) (Shifting property) If p ¢ f(02) then

deg(f, €, p) = deg(f — ¢,2,p—q)

Proof. (1) (a) p ¢ 1d(09) = 08 implies that either p € Q or p ¢ Q. Assume
that p € Q. Then, Id~'(p) = {p}, now calculate the Ji4(p) to decide whether
p is regular value or not. Let z = (21,29,...,2,) € Q, the jacobian matrix
of the identity map is given by

Then Jig(p) = det(Id'(z)) = 1 # 0, thus by Definition 2.1.3

deg(Id, Q,p) = Z sgnJia(z) = sgnJia(p) = sgn(1) = 1.
z€ld~1(p)
(b) Ifp ¢ Q = 1d(Q), then deg(Id, ©,p) = 0. Indeed, since ld(z) =p <z =p
which impossible because x € Q and p ¢ Q i.e, Id™(p) = 0. Making use of
Proposition 2.1.2 and definition 2.2.1, we get

deg(1d, 2.p) = [ oulo - pld.
Q

where supp . C B(0,¢), for small €, choose € such that B(0,¢) C R™\(Id(0Q)) =
R™ Q. As 09 is closed, then R™\0f is open. Since, Q is compact we have,
inf, 5 ||z — p|| = min,g||x — p|| > 0, thus we choose 0 < & < inf, 4 ||z — p||,
this implies that z — p ¢ B(0,¢), YV € Q, and so, x — p ¢ supp .. Hence,

deg(1d, 2, p) = / oe(x — p)dz = 0.
Q

(2) We follow the same procedure as in part (1) but, note that for the jacobian
matrix we get the following



Therefore, J_1q(z) = (—1)", and we conclude the desired result.
(3) Note first that, since 092 is closed and bounded thus, compact and f is
continuous, f(0€) is compact, hence closed. Then

p & f(0Q) = f(0) = di > 0.
To prove (a), let y € B(py,d;) and x € 092 we have
ly = f@) = [I(f(z) —p1) = (y = p1)l

> |If(z) =l = [ly = pall
= [f(@) = pill = lly — pall
> dy — |ly —pi|| >0, (since y € B(p1,d1)).

Hence y € R™\ f(092).
(a) Since [|p1 — p2|| < di, p2 € B(p1,dy). By (a), we have ps € B(p;,dy) C

R™\F(DQ), i, ps & (0.
(b) Let 0 < e < dy — ||p1 — p2||. By Sard’s Lemma 1.3.1, there exists regular
values, p| = p}(e) and p, = ph(e) such that

lp1 — Pyl <e and P2 — Phll <e.

Since € < dy,
pll € B(phg) - B(pladl)

and, using the triangular inequality
195 — p2 + p2 — pu|

9y — p2ll + [[p2 — pu|
e+ |lp2 — pill < di —|lpa — pal| + [|p2 — p1l] = da.

Py — p1ll

ANVANI

Hence, p, € B(p1,¢), i.e, pi, 05 € B(p1,d1). Since p| and pf, are regular values
and lies in a ball subset of R™\ f(0€2) by Proposition 2.1.3 we have

deg(f, 2, py) = deg(f, 2, ph). (2.1)
By Definition 2.2.1, we have

deg(faQapl) = deg(f7Q7p/1)7 (22)
and

deg(faQaPQ) = deg<f7Q7p/2) (23)
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Combining (2.1), (2.2) and (2.3) we get
deg(f7 Qupl) = deg<f7 Q7p2>7

as claimed.

(4) Since p; ¢ Hy(0Q) for all t € [0, 1], then by Sard’s Lemma 1.3.1, there
exists p, regular value, such that ||p, — pi|| < dist(p:, H(0€2)). Hence, by
Definition 2.2.1 we have

deg<H('> t)a Qapt) = deg<H('7 t)a Q,p;)
_ / oo (Hy(w) — p)) T (2)da,

where supp ¢. C B(0,¢) with € > 0. Then, we define the map
dt Z{O, 1] — 7
t— deg(H(7 t)a Qapt)

which is continuous by the continuity of the integral with respect to pa-
rameter ¢ by Theorem 1.3.3. Since ¢., H; and p, are continuous, then the
composition is continuous. Then d; is constant for all ¢ € [0, 1], otherwise
d; is not continuous, a contradiction. We deduce that deg(H (-,t),$, p;) is
constant on [0,1], i.e, deg(H (-, t), 2, p;) is independent of the parameter t.
(5) Suppose that p € g(02), then there exists z € 0€, such that p = g(z).
By the hypothesis we have

1f () = pll = [l () = g(@)[| < [If(x) = pll,

which is a contradiction. For the second part of the property, let H(z,t) =
tg(z) + (1 — t)f(z), where z € Q and ¢t € [0,1]. Then H is continuously
differentiable. Moreover,

lpe = H(z, t)| = [[pe —tg(x) — (1 — 1) f(z)|
z)) = t(g(x) = f(@))]

_ e f)
> 'Hpt 7@l — tlg(x) - f:c)H'
— g = 7@ tlo(a) — £
> b= F@l = lg(@) - F@)] >0 (as t<1).

Then, p; ¢ H(x,t) forallt € [0,1]. By Property (4), the degree deg(H (-, ), 2, p)
is constant on [0, 1]. In particular,

deg<H('> 0)7 va) = deg<H(> 1)7 Q,p)
& deg(f, Q,p) = deg(g,2, p).
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(6) Assume by contradiction that p ¢ f(€). Since p ¢ f(09), then p & ().
Since, f(Q) is compact, then dist(p, f(2)) > 0. By proposition 2.3.1 we may
choose g € C*(Q2) N C(Q) such that

1f (@) — g(@)|] < dist(p, f(Q)) < [[f(z) —pll, VYzeq,

and p ¢ g(S,(Q))Ug(d9Q), then p ¢ g(Q). Otherwise, there exist x5 € (2 such
that g(x¢) = p, in particular,

1 (o) — pll = ||.f(z0) — g(@o)l| < || f(z0) — pl|,

which is a contradiction. Thus p ¢ ¢(Q0), i.e, g~ (p) = 0 then, deg(g, Q2,p) =
0. By Property (5) we have

0 = deg(g, 2, p) = deg(f, 2, p),

which is a contradiction.

(7) (a) Since 0€; C 09, then p ¢ f(0N) implies p ¢ f(02;) for alli € I and so
deg(f, €, p) is well defined. By Proposition 2.3.1 we choose g € C*(Q)NC ()
such that || f(z) — g(z)]| < dist(p, f(O2)) < ||f(x) — p|| for all z € I and

P ¢ 9(54(€2)). Then
1/ () = g(x)|| < dist(p, f(0€)) < dist(p, f(02) < |[f(x) = pl],
for all z € 0€2; by Property (5) we have
deg(f, %, p) = deg(g, €, p), and  deg(f, €2, p) = deg(g,€2,p).
Since p ¢ ¢(S,(R)), then ¢~'(p) is finite, i.e, g7 (p) = {@1,22,..., 25}

Uic; % = Q, for x € Q there exist ¢ € I such that + € Q,. Thus,
deg(g,,p) #0,fori =1,2,... K, K < N, and deg(g,2;,p) = 0,7 > K+1.
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Then,

deg(fv va) = deg(gv va> = Z sgn(Jg(m))

K

- Zdeg(ga Qiap); for K S N
i=1

- Zdeg(ga Qzap)
i=1

= deg(f,,p)
i=1

(b) First we show the statement true for i € {1,2}, i.e,
If € @d Q5 are disjoint open subsets of €2, such that 2, Uy C  and
p & f(Q\(1 UQy)). Then,

deg(f,Q,p) = deg(f7 Qlap) +deg(fa Q?vp) (24)

Indeed, since ©; U 2y is open, then 9(Q U Qy)) C Q\(Q; U Qy), and so
FO(U U Q) C fIQ\(21 U Qy)), which implies that p ¢ f(9(h U Qy)) as
p & fF(Q\(£2; UQy)). Thus, by part (a)

deg(fa Ql U Q27p) = deg(f7 th) + deg(f? Q27p>‘

First we consider the regular case, i.e, p ¢ S§(€2). Then

deg(f,p)= D sendp(x)= Y sendy(),

z€f~1(p)NQ zef~1(p)N(Q1UN3)

because, x € f~1(p) = f(x) = p where x € Q is equivalent to f(x) = p for
T € QU as f(x) # pfor all z € Q\(Q; UQ,). For the singular case we
consider p as a singular value. By Preposition 2.3.1 there is f’ € C(Q)NC(Q)
such that p ¢ Sp(Q) and || f(z) — f/'(x)] < dist(p,092) < || f(z) — p]| for all
x € 09. By part (a) we have deg(f,€2;,p) is well defined and by Property
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(5) deg(f,Q,p) = deg(f’, €, p) for © = 1,2. Hence, again by Property (5)
and the result in the regular case, we obtain

deg(f,Q,p) = deg(f',Q,p)
- deg(fla Ql U 927p)

= deg(f7 Qlap) + deg(fa Qg,p)

We show the statement true fori € I. i.e,if (., C Qandp ¢ f(Q\U,; Q).
then

deg(f7 va) = Z deg(f7 Q’i7p)7
icl
where only a finite number of terms is nonzero in the sum. Indeed, let
U= %and V = Q\U open subset of Q. Since Q\(UUV) C Q\U, then
FENUUV)) € F@\U), as p ¢ FO\U) then p ¢ F(Q\(U UV)). By the
result of case of two sets, we have as in (2.4),

deg(f,Q,p) = deg(f,U,p) + deg(f, V. p). (2.5)

Since Q\U C Q\U, then

F(V) = f(Q\0) C fFO\U)

which implies p ¢ f(V) as p ¢ f(Q\U). By the existence property (6), we
get
deg(f,V.p) =0. (2.6)

Thus, by (2.5), (2.6) and part (a) we obtain

deg(f,,p) = deg(f,U, p)
= deg(f,| J.p)

el
= deg(f, %, p)-

el

(8) Since K is closed subset of 2, then Q\K is open because € is open. In
addition,
p ¢ fOQUF(K) < pd f(ORUK)
& p ¢ [(QUI\(Q\K))

e p ¢ fQ\(Q\K))
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Since, Q\K C €, then by the property (7) part (b) we have

deg(f,Q,p) = deg(f, Q\K,p).

(9) Since xg is as isolated solution of equation f(z) = p, then there exist
ro > 0 such that f(zo) = p and for all x € B, (zo)\ {x0}, f(z) # p. For
0<r<rlet Q= B, (x), and

K = By (z0)\B(x9) C Q.

Then K is closed in Q because K = R"™\ B,.(x¢) N By, (o), and R™\ B, (o) is
closed in R™. Also Q\K = B,(z¢) and p ¢ f(By,(x0)\B(x0)) U f(Sy,(x0)),
where S, (xg) = 0B,,(zo). Indeed, because zy is the unique solution of
f(x) = pin B,,(zo). Then by the excision property (Property (8))

deg<f7 BTo(x0)7p> = deg(f7 BT('IO)’p)'

(10) First we will consider the regular case, i.e, p ¢ S¢(U) and g ¢ S,(V).
By Preposition 2.1.2 we have

deg(f, U,p) = / oo (f(2) — p)Jy(x)de
and

deg(g,Vp) = / be(g(z) — q)J,(x)de,

where suppe. and suppe). are subsets of B(0,¢), also [, - (x)dz = [, -(x)dx =
L, p. € C(R™",R) and ¢. € C(R™ R). We define

Y X P :R" x R™ — R.
(@, y) — @=(x)¥(y).
Then ¢, x 1. € C(R" x R™, R). Let (z,y) € supp(g- X ¢.)

& . X P(2,y) #0
& pe(z) #0 and Y(y) # 0.

& x € suppy. and y € suppy.. Hence, suppy. X ¥, = suppp. X suppty. C
B(0,¢) x B(0,¢). By Fubini’s Theorem, we have

/ Pe X ¢s($ay)d$dy = / Qos(x)dx' ws<y)dy =L
R™ xR™ n R™
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Again, by Proposition 2.1.2, we have by Fubini’s Theorem
deg(f x g,U x V., (p.q)) =

/Rn R™ ve X ¢8(f X g(‘r’ y) - (p7 Q))foQ(fE,y)dxdy.

/ / e X U (2) = P, 9(y) — ) pxg . y)dudy
/ / oo(F(2) — P)(9(y) — )J(2)J,(y)ddy
- [ wtt@) =) [ vto) - ), ))

=deg(f,U,p) - deg(g,V, q).

Next, we extend the result to the singular case, by Definition 2.2.1 we have

deg(f, €2, p) = deg(f, 1),
where ||p — p'|| < dist(p, f(0R2)) and p’ is a regular value of f. Also,

deg(g,9, q) = deg(g,9.,¢'),

where ||g — ¢'|| < dist(g, g(0f2)) and ¢ is a regular value of ¢g. Thus, by the
first part of this proof and by Property (5), we have

deg(f x g,U x V,(p,q)) = deg(f x g,U x V, (¢, ¢))
= deg(f,U,p') - deg(9.V,¢)
= deg(f,U,p) - deg(9.V,q').
(11) By Definition, 2.2.1 we have

deg(f,Q,p) = deg(f,Q,p),

where [[p — p/|| < dist(p, f(0R2)) and p’ is a regular value of f. Since p’ is
a regular value of f then p’ — ¢ is a regular value of f — ¢. Indeed, let

z € (f—q)7 () —q), then
(f—a)(@)=p —q
& f@)=p
sxe )
= J¢(z) #0, as p is regular value of f
= Jpqg(x) #0, as Jp=Js,.
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Since p ¢ f(002), then p—q ¢ (f —q)(z), otherwise there exists xy € 02 such
that (f—q)(zo) = p—q, i.e, f(zo) = p contradiction. Hence deg(f—gq, 2, p'—q)
is well defined and,

deg(f, €% p) = deg(f, % p)
= /Qgpa(f(x) —p')J¢(x)dz, (wheresuppyp. C Q)

==A¢Aﬂ@—q—@“wh#w@Mx

= deg(f —¢,2,p" —q).
That is,
deg(f, 2, p) = deg(f —q,2,p" = q). (2.7)
In addition, p and p’ lie in a ball of R™\ f(92) because p’ € B(p, dist(p, f(09))) C
R™\ f(0R2) by Property (3), since
lp—aq—(f 0@ =lp—f@) VYzeQ
dist(p, f(0R)) = dist(p — q, f — q(0f2)), which implies that
10" = q) = (p— )l = lIp — gl < dist(p, f(62))
Then by Definition 2.2.1 and (2.7), we have
deg(f, 2, p) = deg(f —q,92,p" = q)
=deg(f —¢,p—q)
0
Corollary 2.3.1. Let f,g € C*(Q) N C(Q), where Q C R™ is open, bounded
subset and

1f(z) — g(z)]| < dist(p, f(05)) Vzel
then
deg(f, €, p) = deg(g, {2, p).
Proof. Since

I7(@) ~ g(a)| < dist(p. F(0) = inf || () ~ ]l = min [|£(x) ~ .
for each x € 99, as 09 is compact. Then by Property (5), we have
deg(f, 2, p) = deg(g, €2, p).
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Corollary 2.3.2 (Invariance property on the boundary). Let f,g €
CHQ)NC(Q) where Q C R™ open be such that f(x) = g(z) for each x € 9.
Then

deg(f, €2 p) = deg(g, 2, p).
Proof. Since
1 (x) = g(2)l| = 0 < || f(z) — pl|.
Then by Property (5), we have
deg(f, 2 p) = deg(g, 2, p).

]

2.4 Extension of Brouwer’s Degree to Contin-
uous Functions

Definition 2.4.1. Let f € C(Q) and p ¢ f(052). We set

deg(f’ Q,p) = deg(fsa va)7

where f. € CY(Q) N C(Q) is an approzimation function of f is given in
Lemma 1.2.3, and ¢ < dist(p, f(0N2)).

Remark 2.4.1. (1) Note that this definition is well defined, for p ¢ f(99),
as ¢ < dist(p, f(02)). By the approximation lemma 1.2.3, there exists f.
such that || f(z) — f-(z)]| < e for all z € O2. Then,

/() = pll = I f=(2) = f(x) + f(z) = pl]
> |[f=(x) = f(@) | = | f () = pl]

= [l () = pll = [[f(z) = F(2)]]
> |[f(z) —pl| —e=0.

That is p ¢ f.(09).
(2) This definition does not depend on the choice of the function f.. Since,
p & f(ON), let 0 < e < infen @)=l ) 2l the infimum exist and

e W@ =pl _ - f(2) —pll
2

xEBQ 2 xEBQ
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because 02 is compact. Suppose that f. and g. are approximation func-
tions of f, then || f(z) — fo(2)|| < € and ||f(z) — g-(z)|| < &, we show that

deg(f-,Q,p) = deg(g:, 2, p). Indeed, consider Hy(x) = tf.(x) + (1 — t)g.(x),
where ¢ € [0,1]. Then, H is continuously differentiable and,

[Hy(z) = f(2)]] = [tfe(x) + (1 —t)g-(x) — f(z)]
= [[t(fe(x) = f(x)) + (1 = t)(ge(x) — f(2))]
<t fe = f)l + (1 =1)llge(2) — f(2)]]
<te+(1—-t)e=e.

Then, for every x € 02, we have

[1H(2) = pll = |[[Hi(x) = f(2)]| = [[f () = pl]
= |1/ (=) = pll = [ Hi(z) = f ()]

>2e—e=¢>0.

Hence, ||H:(x) — p|| > 0 which equivalent saying that, p ¢ H,(0S2) and using
Theorem 2.3.1 Property (4), we get the desired result.

Remark 2.4.2. Thanks to this extension we can reduce the condition on f
to be continuous Theorem 2.3.1.

We give now an additional property of Brouwer’s degree.

Theorem 2.4.1. (Invariance on connected components) Let f be con-
tinuous, p1 and py are in the same component C' of R™\ f(02). Then

deg(f7 Q7p1) = deg(fa Qap2)'

Proof. Let C be component of R™\ f(02) containing p; and p,. Since, R™\ f(092)
is open, then C'is path component by Theorem 1.1.24. Thus, there exists a
continuous path

~v:10,1] — C,

such that v(0) = p; and (1) = po. Since C' C R™\ f(99), then f(09) C
R™\C and as py, ps € 7[0,1] C C. Then

p1,p2 ¢ f(@Q).
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Since 7 is continuous (after reducing the condition to be continuous), we
apply Property (4) to get, deg(f,2,~(t)) is constant on [0, 1]. In particular,

deg(f,€,7(0)) = deg(f,2,7(1))
< deg(f,Q,p1) = deg(f, 2, pa).
O

Remark 2.4.3. Since the ball is connected, then Theorem 2.4.1 is a gener-
alization of Property (3) in Theorem 2.3.1.

2.5 Brouwer’s Fixed Point Theorem and Appli-
cations

Theorem 2.5.1 (Brouwer’s Fixed Point Theorem). Let f : Br(0) C

R"™ — Bg(0) be a continuous map. Then f has a fized point in Br(0).

Proof. Tf there exists a fixed point on dBg(0) the proof is done. Otherwise,
f(z) # x for all « € OBR(0). Set H(x,t) =z —tf(z) = (Id — tf)(x) for all
t € [0,1] and = € Bg(0), then H(x,0) = z, H(z,1) = z — f(x) and H, is
continuous as f is continuous. We show that 0 ¢ H;(0Br(0)). Suppose by
contradiction that, there exists xy € 0Br(0) such that H(ty,zo) = 0 for some
to € [0,1]; then xy = tof(z0). Since, o € IBg(0) = Sg(0) i.e, R = ||| =
lltof(zo)|l = tol|f(zo)|l- Then ty > 0 as R # 0. Also as f(zg) # xo, then
to # 1ie, 0 <ty < 1 which is implies that R = to|f(zo)|| < || f(z0)|| < R,
as f(zo) € Bgr(0), which is a contradiction. Hence, 0 ¢ H;(0Bg(0)) and by
Property (4), deg(H;, Br(0),0) is well-defined and is constant for all ¢ € [0, 1].
In particular,

deg(H(m, 1)7 BR(O)a O) = deg(H(w, 0)7 BR(O)v O)
< deg(ld - f7 BR(())? 0) = deg(1d7 BR(0)7 0) =1
Thus deg(Id— f, Br(0),0) # 0 and by the existence property (6), there exists

x € Br(0) such that f(x) = x. Therefore, in all cases f has a fixed point in
Br(0). O

Remark 2.5.1. In dimension n = 1, Theorem 2.5.1 follows from the Inter-
mediate Value Theorem. Consider g(z) = f(z) — x, since f : [a,b] — |a, b]
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is continuous, then ¢ is continuous, g(a) > 0 and ¢(b) < 0. If g(a) = 0 or
g(b) = 0 the proof is done. Otherwise, g(a) > 0 and g(b) < 0, by the The
Intermediate Value Theorem, there exist a < x < b such that g(z) = 0 i.e,
flz) = .

Theorem 2.5.2. Let C' € R™ be nonempty bounded closed conver subset and
f:C — C be a continuous map. Then f has a fixed point in C.

Proof. Since C' is bounded, let B(0, R) be such that C' C B(0, R), also as
C' is closed convex set then by Dugundji’s Retraction Theorem 1.2.1, there
is a retraction h : X — C, we take the restriction on Bgr(0), which is
hagzm = r + Br(0) — C. Thus, for : Br(0) — C C Bg(0) is a
continuous map. Then by Theorem 2.5.1 there is xy € Bg(0) such that
f(r(zo)) = xo. If g ¢ C then (f or)(zg) = z9 ¢ C contradiction. Thus,
xo € C and so f(x9) = f(r(zo)) = x¢ i.e, [ has a fixed point in C. O

Theorem 2.5.3. Let f : R" — R"™ be a continuous map and 0 € 2 C R
where Q is open bounded subset. If the inner product (f(x),x) > 0 for all
x € 0N), then

deg(f,Q,0) =1

Proof. Set H(z,t) = tz+(1—t) f(z) continuous and H (z,0) = f(x), H(z,1) =
x = Id(z). We show that 0 ¢ H;(02). Suppose by contradiction there is
xo € 082 such that zo € H (09Q), i.e, txg+ (1 —t)f(zo) = 0, then £ > 0. Oth-
erwise, f(xg) = 0 and this contradicts the fact (f(z),z) > 0 for all x € 9S.
Similarly if ¢ = 1 we have x¢y = 0 which is again a contradiction and so

{xot + (1 = 1) f(x0), 20) =

= 1 (0, x0) + (1 —1) (f(z o)a o) =0

= (1 =1) {f(x0), o) = —t[lzol* < 0.

Since (1 —t) > 0, then (f(zo),zo) < 0, which is a contradiction. Then by
Property (4), we have deg(H;,2,0) constant for all ¢ € [0,1]. In particular

deg(Hy, 2,0) = deg(H1,Q,0) = deg(f,Q,0) = deg(Ild, 2,0) = 1.

Corollary 2.5.1. Let f: R" — R"” be a continuous map. If
@)

M
lzll—o0 |||

then f(R™) =R".
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Proof. By the hypothesis and using the definition of the limit, there is R >
0 such that ||z]| > R implies %)Hx) > 0 and by Theorem 2.5.3 we get
deg(f, Br(0),0) = 1, then by Property (6) there is € Bg(0) C R such that
f(z) = 0. If p € R™ such that |[p|| > 0, then again by the hypothesis there

exists R > 0 such that for all ||z|| > R,

g > pl) = L5 ) >0

[l lll

= 0 < Y@ -|zllpl

where we have used Cauchy-Schwarz Inequality (Theorem 1.2.2). Thus,
(f(x) —p,x) >0 for all x € Sg(0). By Theorem 2.5.3 we have

deg(f — p, Br(0),0) =1

Thus by the existence property (6), there exists g € Br(0) C R™ such that
f(zo) —p=01ie, f(xo) = p and since p was arbitrary then f(R") =R". O

Theorem 2.5.4 (Non-retraction of the sphere). There is no retraction
of the closed ball of R™ onto its boundary.

Proof. Suppose by contradiction that there exists a retraction r : Bg(0) —
Sr(0). Then, —r : Bg(0) — Sgr(0) C Bg(0) is a continuous map. By
Brouwer’s fixed point theorem 2.5.1 there is exists o € Bg(0) such that
—r(xg) = 9. Then x5 € Sg(0), since r is a retraction, r(zo) = zo. Hence,

xo = —xo then zo = 0 which is a contradicts the fact ||| = R > 0. O

Theorem 2.5.5. Theorem 2.5.4 implies Brouwer’s fixed point theorem.

Proof. Let f : Br(0) — Bg(0) be a continuous map. By contradiction,
suppose that f has no fixed point, i.e, f(z) # x for all x € Bg(0). Define
the map r : Br(0) — Bg(0) by

r(z) = [f(x),z) N Sgk(0),

where [f(x),x) is the ray (a half-line) originated from f(z). More precisely

r(z) =tr+(1-1)f(2),
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where ¢t > 0 is such that ||7(z)|| = R. We can find the value ¢t = t(z). We
have,

(@) = R & (r(z), r(z)) = B?

& (f(2) +t = f(2), f(2) + tz = f(z)) = R’
& [f@)° + Ellz = f(@)* + 2t {f(2), 2 — f(2)) = R

& Clla—f@)|*+2t (f(2), 2 — f(2))+ [ f(2)[*~R* = 0. (2.8)

which is a second order equation because |f(z) — z|| # 0. The reduced
discriminant of this second-order equation is

A =|(f(x),x = f@)) [ = llz = f@)IP(If @) - B).

Since | f(x)|| < R, then A’ > 0. Since ||f(z)]|* — R* < 0, we deduce that
(2.8) has two roots of opposite signs, t; < 0 <ty

_ —)a— f@) + VA
RN

Since f is continuous, then ¢; is continuous and thus r(z) = t(z)+ (1 —1) f(z)
is a continuous function. It remains to check that x € Sg(0) implies r(x) = x.
First, note that r(z)—tz = (1—t)(f(xz)—x). Since f(x) # z, for all x € Bg(0)
by assumption, then r(z) = x < ¢t = 1. For the expression of ¢; stated in
(2.9), and as ||z — f(x)]| # 0 we have,

> 0. (2.9)

t1=1
<:>—< ( )y = f(2)) + VA = |z — f()]?
& VA =z — f(@)|* + {f(z),2 - f(2))

@A’ lz = f@)* + [{f (), 2 = f(@)) " + 2llz = f(@)]* - {f(2), 2 = f(2))
e | (f@),z = f@) [ = llz = f@IPNf(@)]* - B?)

= llz = f@I* + [{(f @),z = f(2)) [ + 2]z = f@)|* (f(2), 2 — f(2))

& llz = f@)° +2{f(x),z = f(2)) + If (@)|I* = R* =0

& |z — f@I° +2(f(z),z) - 2| f(= )H2+Hf( = R*=0

& llo = f@)* +2(f(z),2) — If (@)|I* = RB* =0

& Jlzll* + 1f @7 = 2(f(z), 2) + 2 (f(2), > If @)|I* = B =0

& |z]]P - R*=0

& |zl =
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Therefore, t = 1 < r(z) =z < ||z|| = R < « € Sg(0). Hence, r is a
retraction which contradict Theorem 2.5.4. O

Remark 2.5.2. Theorem 2.5.4 is an equivalent version to Brouwer’s fixed
point theorem 2.5.1.

Theorem 2.5.6 (Poincaré-Bohl Theorem). Let Q C R" be a bounded
open subset and f,qg: 2 — R" two continuous functions such that

flz)+Ag(z) #0, VA >0, Ve € 0Q and 0 ¢ g(o9).
Then, 0 ¢ f(0) and deg(f,$2,0)=deg(g,2,0).
Proof. Consider the homotopy
H(z,t) =tf(z) + (1 —t)g(x), t €[0,1], z € Q.
(a) For t =0, H(z,0) = g(x) # 0 for all z € 02 by assumption.
(b) For t # 0, and = € 09,
1—-1t

H(x,t) :O@f($)+79(37) =0,

but this contradicts the hypothesis of the theorem with A = % Hence,
H(z,t) # 0 for all z € 00 and for any ¢ € [0,1], then deg(H(z,),,0) is
well defined and 0 ¢ f(092). Otherwise, f(z) = H(z,1) = 0 for some x € 0f)
contradiction. Therefore, by Property (4),

deg(H (x,0),9,0)) = deg(H (z,1),9,0),
proving the claim. O

Remark 2.5.3. This theorem is stronger than Property (5) with p = 0.
Indeed, if

1/ () = g(@)I| < llg(z)]| Vo € 09

then,
flz)+Ag(z) #0V2x € 02 and VA >0

for otherwise, there is z € 02 and A\ > 0 such that
f(@) +Ag(z) =0 f(z) —g(z) = —(1+ N)g(2),
then
1f(z) = g(@)]| = 1+ Nlg(@)]| <lg()],

a contradiction.
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Corollary 2.5.2. Suppose that 0 ¢ 02 and either

flx)+ Az #0, VA >0, Vo € 00
or f(x)+ Az #0, YA <0, Ve oY

Then,
(a) f(z) =0 has at least one solution in €.
(b) f has at least one fized point x in €.

Proof. (1) By applying Pointcaré-Bohl Theorem 2.5.6 with f = Id and g =
—Id, respectively we get

deg(f,2,0) = deg(Id,©2,0) # 0
deg(f,€,0) = deg(—1d, 2,0) # 0.

By the existence property of the degree (6), the equation f(z) = 0, has at
least one solution x € €. (2)

fl)+ Az #£0, VA<0, Va €00

S flr)—x4+z+ A #0, VA<LO0, Vo €0

S (flx)—2)+ 1+ XNz #£0, VA<0, Vo €09

& (fle)—z)+Ne #£0, VN <1, Vz € 9Q

= (f(x) —x)+Nx #£0, VN <0, Vo € 99
By Part (1), applied to the function (f — Id), there exists z € {2 such that

@) —r =06 fz) =2

Corollary 2.5.3. Let f : R" — R"™ be a continuous function such that
{(f(@),2) _

lal=oe |||
then f is surjective.

Proof. Let yo € R™ and g(x) = f(z) — yo. Note that
{g(x), ) _ {f(x) —yo,x)

Izl

@) (o)

] (I



Since
[ o, 2) | _ [lyollll=]

[ (]

= [lyoll < o0,

then {22 is bounded as ||z| — oo, which implies that

E]
{g(z),z) _ (f(x),2)  (yo, )

Izl ]

— 00, as x| = oo

by the definition of the limit, there exists R > 0 such that (g(x),x) > 0, for
all ||z|| = R. Hence,
g(x) + Az #0,YA >0

for otherwise,
(9(x) + Az, 2) = {g(2), 2) + A||z[|* = 0

= (g9(2),z) <0

which is a contradiction. By Corollary 2.5.2, there exists xo € 2 such that
g(xg) = 0 < f(xo) = yo, thus, f is onto. O

Remark 2.5.4. This corollary was already derived from Brouwer’s fixed
point theorem in Corollary 2.5.1.

Theorem 2.5.7 (Perron-Frobeninus Theorem). Let A = (aij)1<ij<o0 be
an (n xn) matriz such that a;; > 0, for all 1 <i,j <n. Then A has at least
one non-negative eigenvalue corresponding to a non-negative eigenvector (i.e,
with non-negative components).

Proof. Let
C= {$€R”, x; >0,Vie[l,n| and inzl}.
i=1

Then C' is a bounded closed convex subset of R™. Since z; € [0,1] for all
i € [1,n], then z € [0,1]" and so C' C [0, 1]™ is bounded, for closeness we take
a sequence xy € C' such that x; converge to x, as k — co. Hence,

xp, —x; Vie[ln]
n n
ST o
i=1 i=1

46



Since, > 1 | xy, = 1 then

i.’ﬂki =1— 1,
i=1

by the uniqueness of the limit we have

n
E T; = 1,
i=1

i.e, x € C, thus C is closed. Now, to show convexity consider x,y € C, then
for any ¢ € [0,1] we have tx; > 0 and (1 —t)y; > 0 for all ¢ € [1,n], then
tz; + (1 —t)y; > 0 for all ¢ € [1,n], also

Dt (I—ty=tY zi+(1—1)> u
=1 =1 =1

) 4 (1—1)(1) = 1.

Therefore, tz + (1 —t)y € C i.e, C is convex. If there is some 2y € C such
that Azg = 0, then we are done, for Axg = 0 - xg. Otherwise, Ax # 0 for all
z € C, then (Az);, > 0 for some 1 < iy < n. Thus, > (Az); > 0 and we

define
1

Z?=1 (Az);
1
S (Az);

f(x) = Az.

Then, f is continuous, as (f(z));
i € [1,n]. In addition

(Az); > 0 is continuous for all

n

D (@) = sy oA = 1

i=1 =1 i=1
Hence,
f:C—C
By Brouwer’s fixed point, there is zy € C' such that f(z¢) = zo i.e,
1

: AIO = X9

Z?:l (AxO)z
<~ A$0 = <zn:(A$0)l) Zg.

i=1
Hence, A has A = Y (Azo); > 0 as eigenvalue with eigenvector zy € C
(with non-negative components). [l
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Chapter 3

Leray-Schauder Degree (the
infinite-dimensional case)

In this chapter, we move to the infinite case and we introduce the Leray-
Schauder degree and its construction. In addition, we present the main
properties associated to this tool. For the results in this chapter, we refer to
[1, 4, 6].

3.1 Introduction

First we begin with the definition of completely continuous map and the
approximation of it by finite dimensional mapping.

Definition 3.1.1. Let E, F be two normed spaces and let Q@ C E. We say
that K : Q — F is completely continuous if K is continuous, and K(A)
compact set for all bounded set A C ().

Definition 3.1.2. A compact perturbation of the identity is a map of the
form Id — K where K is a completely continuous map.

Definition 3.1.3. Let E be a normed space and let Q0 C E. Q 1is said to
be of finite dimension if ) is contained in a linear subspace of E of finite
dimension.

Theorem 3.1.1. Let E be a normed space, and ) C E be a bounded subset
and K : Q — E a completely continuous mapping. Then for all e > 0, there
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exist a finite dimensional space F, and a continuous mapping K. : Q0 — F.
such that
|K:(x) — K(z)|| <e Va €9,

and K.(Q) C Co(K(Q)), where Co refer to the conver hull, which is the

smallest conver set containing K ().

Proof. Let ¢ > 0. We have

K@ c |J Ble).

yeK ()

Since () is bounded, K(£2) is compact. Then, there exist finite number of
points {y1,y2 ..., Y.} € K() such that

n

K@) < | B2,
i=1
Assume, m;(z,¢) = max {0, — || K(x) — y;||} where x € Q2. We set

m;(z,€)

Z?:l m; (:Ea 8)

Since m;(+,€) is continuous then 6;(-,¢) : @ — R is continuous. Let z € Q
then there exists j € {1,2...,n}such that K(z) € B(y;,¢) i.e, | K(z)—y;|| <
e. It follows that m;(z,e) > 0. Hence,

bi(x,e) = , € €.

Z m;(z,e) > 0.
=1

Therefore, 6;(-,¢) is well defined and continuous. Now we define K, :  —
F. = span{y1,y2...,yn} as the following

K.(x) = Z 0;(z,€)y;.

Since



we have

n

Z 0;(z,e)K(x) — Z 0;(x,€)y;

Jj=1

1K (z) = Ke(a)]| =

= Z@'@@HK(I’) —yill <e.

Since for each = € Q, K.(z) is a convex combination of elements y; of K(Q),
we conclude that K.(Q2) C Co(K(£2)). For the proof of the approximation
lemma, we also refer to |2, Proposition (2.2) and Theorem (2.3), Page 117|.

[

Lemma 3.1.1. Let X be a metric space, 2 C X a bounded subset, and
K : ) — X a completely continuous mapping. Then f = Id — K is a closed
map.

Proof. Let A C Q be a closed subset and B = f(A). We want to show that
B is closed. Let {y,}, C B be a sequence which converges to some point
y € X. Then, there exists a sequence {z,},  C A such that,

S Yy = T, — K(zp).

Since €2 is bounded, A is bounded, and since K is completely continuous
then, the closure of K(A) is compact. Hence, the closure of {K(xz,)}, is
compact, then {K(z,)}, is sequentially compact by Theorem 1.1.18 and so
there is a subsequence K (x,, : k € N) which converges to some point z € X.
Hence,

lim 2, = lm (yn, + K(20,)) =y + 2.

k—o0

Since A is closed, y + 2z € A. limy_,oo K(z,,) = K(y + z) because K is
continuous. By the uniqueness of the limit we have

z=K(y+ z).
Let x =y + z € A, then
y=rx—z=x—K{y+z)=z—K(z)=1d—- K)(z) = f(x).

Therefore, y € f(A) = B. O
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Corollary 3.1.1. Let X_be a metric space, suppose 2 C X s a bounded
open subsel. Suppose K : Q) — X is completely continuous and p ¢ f(0),
where f =1d — K. Then dist(p, f(082)) > 0.

Proof. By Lemma 3.1.1, f(09) is closed in X. Then, f(0Q2) = f(09) and

p & f(OQ) < p ¢ f(022). Then, dist(p,d2) > 0 using Corollary 1.1.2. ]

Lemma 3.1.2. Let E be a normed space, B C E a closed bounded subset,
and K : B — E a completely continuous mapping. Suppose that K (z) # z,
for all z € B. Then there exists g > 0 for all ¢; € (0,e0), where i = 1,2
for any ¢ € [0,1] and x € B, such that = # tK_, (x) + (1 — t)K_,(x) where,
K., : B — F}, are approximation maps of K as given in Theorem 3.1.1.

Proof. Suppose by contradiction that for any € > 0 there exist ¢; € (0,¢) for
i =1,2, and some t. € [0,1] and z. € B, such that

e =t Ko (x) + (1 —to) K, (x2).

In particular, for € = % for j = 1,2,..., there exist 0 < 5{ < % for i = 1,2,
and there exist t; € [0, 1] and z; € B such that
zj = 4K (x5) + (1 — ;) K4 (z;).
Since [0, 1] is compact the sequence (¢;); has a convergent subsequence still
denoted (t;); which converges to ¢y € [0, 1]. Since K is completely continuous,
then the closure of {K'(z;)}2, is compact and so it is sequentially compact.
By Theorem 1.1.18 it follows that {K(z;)}}Z, has a convergent subsequence,
say K (z;,) — y € E, as k — oo. By Theorem 3.1.1, || K (;, ) — K i, (25,)[| <
Jk '

elf and as ef* — 0, €)' — 0, we have

1w () =yl = 1w (5) = K (a5,) + K () — |
< B () — K (5[ + 1K (25) =y

< el 4 ||K(zj,) —yl — 0, ask— oo.
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Thus,
5 = yll = [t K (25) + (1= 5,) Ko (25,) =y
= e (B ) = B () + K e (3 — o
<t 1 ) — B )+ (15 () —
< K () = K e )l + 1K g (3) = ol
= [ () = K (25) + K (25,) = Ko ()| + 1B i (5) —
< K 3 (g) = K sl + 1K () = K (i) 4+ 16 e () = ol

<&+l + 1K (25.) = yll — 0, as k= oo,

K(ZL‘j
K(x;

i.e, z;, — vy, since B closed then y € B. Therefore,

K(y) = K( lim (‘Tjk)) = lim K(x]k) =Y,

k—o0 k—o0

i.e, K(y) =y which is a contradiction. O

Lemma 3.1.3. Let 2 C R™ be an open and bounded subset, 1 < m < n, let
f:Q — R™ continuous function and g =1d — f. If p ¢ (Id — f)(012), then

deg(g, €2, p) = deg(gm, 2N R™, p),
where g,, is the restriction of g on Q NR™.
We are now in position to define the Leray-Schauder degree.

Definition 3.1.4. Let K : Q — X be completely continuous mapping,
where Q C X is an open bounded subset, f =1d — K and p ¢ f(O2). The
Leray-Schauder degree of f at p with respect to Q) is defined by

deg(f,Q,p) = deg(ld — K.,QnN F,, p)

where K. is an approximation map of K as defined in Theorem 3.1.1 and
e > 0 15 small enough.

Remark 3.1.1. The degree is well defined and does not depend on the choice
of K. and F.. Indeed, suppose p = 0 in the definition and 0 ¢ (Id — K)(992).
By Lemma 3.1.2 with B = 012, there exists £g > 0 such that

x#tK, (v)+ (1 —t) K., (x) Ya € 09,
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for any ¢, € (0,g0) and K, : Q— F,, for ¢ = 1,2, are approximation maps
of K as in Theorem 3.1.1, we take

i Id — K) (02
0 << i, DHOLA=KVOD)

fori=1,2. Set K. =tK_, (x) + (1 —t)K_,(x), then

)
[K:(z) — K(2)|| = [t (2) + (1 — ) Key(2) — ( )l
= [[tK () + (1 = ) Ky () — tK (x) — (1 = ) K(2)]]
= [[t(K,, (z) — K(z ))+(1—t)( e () — K(z))|
< Ky (2) = K ()| + (1 = )| Koy (z) — K(2)]]
< [ Koy (z) — K(2)|| + [Key(2) — K(z)
< g1 + €9.

Hence, K. : Q — F., U F., is an approximation (g, + &;)-approximation of
K in Theorem 3.1.1 as dim(F;,) < oo and dim(F,) < oo, and so, dim(F;, U
F.,) < oco. In addition, 0 ¢ (Id — K.)(09), otherwise there exists zo € 02
such that o = K.(z¢) and thus

1K () — K-(0)]| < &1+ &2 < dist(0, (Id — K)(9))
& [|[K (o) — wol| < dist(0, (Id = K)(0€2)) < [[ K (xo) — wol|,

a contradiction. Thus Brouwer’s degree deg(Id — K, QNspan {F;, U F.,},0)
is well defined. Hence, we can define

deg(ld — K,9Q,0) = deg(Id — K., QN F.,0),

where F. = span{F., UF_}. Since K.(z) # x Vz € 02, then by the
homotopy property (4) in Theorem 2.3.1, we have

deg(Id—K.,,QNspan {F., U F.,},0) = deg(Id—K_,, QNspan {F., U F., } ,0).

But K., : QNspan{F. UF.} :— F, for i = 1,2. so by Lemma 3.1.3 we
have

deg(ld — K.,,QNspan{F,, UF.},0) =deg(ld — K.,,QN F.,,0),
and

deg(ld — K.,,QNspan{F., UF_},0) =deg(ld — K.,,Q2N F_,,0).
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Thus,
deg(ld — K., QN F.,,0) =deg(ld — K.,,QN F.,,0),

i.e, Definition 3.1.4 does not depend on the choice of K. and F.. Finally we
take p in the general case, if p ¢ (Id — K)(02), we have deg(ld — K,Q,p) =
deg(Id — K — p,,0) as we have showed in Brouwer’s degree.

3.2 Properties of Leray-Schauder Degree

Let X be normed space and 2 C X an open and bounded subset. In this
section, we present some of the main properties of the Leray-Schauder degree
for maps of the form f = Id — K, i.e, for compact perturbations of the
identity on ©Q and p ¢ f(09). In fact Leray-Schauder degree satisfies most
of the properties of Brouwer’s degree.

Theorem 3.2.1. If f is compact perturbation of the identity map on €2 which
is open bounded subset of X, and p ¢ f(0N2), then Leray-Schauder degree has
the following properties:

1 Q
(1) If p & 0N then, deg(Id, Q,p) = ¢ pe _ whereld is the identity map.

0, p¢,
(2) (Continuity with respect to p) If py ¢ f(0Q2) and d; = dist(py, f(O)).
Let py € X be such that ||p1 — p2|| < di, then py ¢ f(O2) and

deg(fa Qapl) = deg<f7 Q7p2>'

(3) (Invariance by homotopy of the degree) Let Hi(x) : Qx[0,1] — X
be a completely continuous map, p; : [0,1] — X a continuous map and
pr & (Id — Hy)(09) for all t € [0,1]. Then deg(Id — Hy, 2, p) does not depend
on the parameter t.

(4) Let p ¢ f(0Q) and f,g : Q@ — X be a compact perturbation of the
identity maps on €1, such that for each x € 01,

1f(2) = g(@)|| < d = dist(p, F(O))

then,
p & g(0) and deg(f,Q,p)=deg(g,,p).

(5) (Ezxistence property) Let f be a compact perturbation of the identity
on Q, and p ¢ f(0Q) such that, deg(f,Q,p) # 0. Then there exists x € )
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such that f(x) = p.
(6) (Shifting property) If p ¢ f(0Q) where f is a compact perturbation of
the identity on Q) and let ¢ € X, then

deg(f, €, p) = deg(f —¢,Q2,p—q)

(7) (Domain decomposition) Let (£2;);cr C Q be a family of disjoint open
subsets of Q such that either

(a) Uic; 1 = Q and p ¢ f(ORQ) or

(b) User S C Q and p & FQ\Uics Q). Then

deg(f,Q,p) = deg(f, ,p),
iel
where only a finite number of terms is nonzero in the sum.
(8) (Excision property) Let B C Q) compact subset and p ¢ f(B)U f(09).
Then,
deg(f, 2, p) = deg(f, 0\ B,p)

(9) (Multiplicity property of the degree) Let f: U — X and g: V —
Y be two compact perturbation of the identity maps on U and V' respectively,
where U and V' are open bounded subsets of X and Y, respectively. Let
p & f(OU) and q & g(OV'). Then,

deg(f x g,U x V. (p,q)) = deg(f,U,p) - deg(yg, V. q)
where (f X g) defined by
(f x g)(w1,22) = (f(21),9(72)), V(21,72) € X X Y.

(10) (Invariance on connected components) Let | be a compact pertur-
bation of the identity on Q, and Q0 a connected component of X\ f(0S2). Then
deg(f,€Q,-) is constant in €.

Proof. (1) Since Id = Id — 0 then we take K. (z) = 0 for all x € Q and
F. = span {p}, then by Definition 3.1.4

deg(Id, 2, p) = deg(Id — 0,2 N F_, p) = deg(Id, 2 N F_, p).
Using Property (1) of Brouwer’s degree (Theorem 2.3.1), we get

1, peQNF.

deg(Id, QN FL,p) = e
g( p) {0’ ¢ ONE.
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Since p € Q< p € QN F,, because F. = span {p}, i.e, p € F_, thus if p € Q.
we have

deg(Id, 2, p) = deg(Id, QN F.,p) = 1.
Suppose, p ¢ €, then p ¢ QN F., because QN F. C QN F. C Q. Hence,

deg(Id, 2, p) = deg(Id, QN F.,p) = 0.

(2) By Corollary 3.1.1 we have d; = dist(py, f(0€2)) > 0. Suppose by con-
tradiction that py € f(9€2). Then there exists zq € 92 such that ps = f(z0),
since

lp1 — p2l] < dy
= [[p1 — f(wo)|| < di < |lpr — f(zo)ll,

a contradiction. Since f is a compact perturbation of the identity on 2, we
can write f = Id — K where K is completely continuous. Let K, : Q — F.
be an approximation map of K as in Theorem 3.1.11i.e, ||K.(z) — K(z)| < ¢
and dim(F.) < oo, we take £ small enough such that € < ‘12—1 and F; containing
p1 and p. Since (Q N F.) C 092 N F. then

FOQNE)) C f(0QNE.) C £(09),

and so py ¢ f(0Q) implies p; ¢ f(O(QNFL))). Set fo =1d — K, then for all
r €I(QNE.) C o9,

/(@) = pall = [[fe(2) = f(2) + f(z) = pa|
> () = F(@)l = [f () = pa
= [[f (@) = pall = [ f=(x) = f(2)]]

> d1 —&> 0,
ie, pp ¢ Id — K. (0(Q2N F.)). By Definition 3.1.4. we have
deg(f,Q,p1) = deg(ld — K., QN F., py).

Since ||p1 — pa|| < di, by Property (3) of Brouwer’s degree (Theorem 2.3.1),
we have

deg(ld — K., QN F.,py) = deg(Id — K., QN F., ps).
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Therefore7 deg(f’ Qapl) = deg(ld - Kaa an Faap?) = deg(f: Q7p2)'
(3) Set f; = 1d — Hy, by Corollary 3.1.1 we have r, = dist(p;, f;(0€2)) > 0 for
all t € [0,1] . We claim that there exists » > 0 such that

dist(py, f:(02)) >r >0, Vit € [0,1].

On the contrary, suppose there exists a sequence (t,), C [0,1] and (z,), C
0f2 such that

nlggo | fe. (x0) = 1, || = 0. (3-1)

Since [0, 1] is compact, there exists a convergent subsequence t, — to € [0, 1],
which implies p;, — py,, as n — o0o. Since H,, is completely continuous and
(xn)n C 0, then Hy (z,,) is relatively compact and so by Theorem 1.1.22

lim H,, (x,) =1y, for some y € X. (3.2)
n—oo
By (3.1) and (3.2), we have

[0 = (Y + pio) | = [l2n = He, (2n) + Hy,, (0) — 5 — Pty |

= ||ftn(mn) _pt() + th('rn) - y”

< [ ft(@n) = proll + [ He, (2n) =yl — 0, as n — oo.
Since 0N is closed, lim, o, x, = y + py, € 0. Note that f; (x,) — pi,, by
the uniqueness of the limit and the continuity of f;,, we have

fto(y +pto) = pto'
Then, py, € f;,(052), contradiction. Thus, using Definition 3.1.4 we have
deg(Id — Hy, Q,p) = deg(Id — H;, QN FY, py),

for € > 0 small enough. The last Brouwer’s degree does not depend on t, i.e,
deg(Id — Hy, 2, p;) does not depend on .
(4) Let H(x,t) = tf(x) + (1 — t)g(z), where x € 9Q, t € [0,1]. H is a
homotopy, and for all z € 09,
[H (2, t) = pll = [[tf(z) + (1 = t)g(z) —p+ f(z) — f(2)]]
= [[(f(z) =p) = (A =) (f(x) — g())]]

> [ () = pll = 11 =) (f(x) = g(x))]

= /(@) = pll = (L = )| (f(x) — g(x))]|
> |[f(z) —pll = (1 —t)d
>d—(1—t)d=td > 0.
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Therefore, for all ¢t € [0,1], p ¢ H(-,t)(092). By homotopy property (3) we
deduce that

deg(f, €, p) = deg(g,2,p).

(5) We first show that if f = Id — K where K is completely continuous
and deg(Id — K,,0) # 0 then K has a fixed point on Q. Let K, be an
approximation map of K such that ||K,(z) — K(z)|| < % for all z € Q and n
large enough, where K,(Q) C F,, and dim(F},) < oo. By Definition 3.1.4 we
have

deg(ld — K,9Q,0) = deg(ld — K,,, QN F,,0).
By hypothesis deg(Id — K,,, Q2N F,,0) # 0, and by Property (6) of Theorem
2.3.1 there exits x,, € QN F,, such that K,(z,) = ,. Then

1K () = Kol <

1
S || K(x,) — x| < —.
1K (@a) = all <

Since {z,,}, C Q, and Q is bounded then {z,} is bounded and as K is
completely continuous, there exits a subsequence K(z,, : k € N) which
converges to some point y € X, as k — co. Then

1
HK<xnk) _xnkH < — — 0, as k — oo
ng
= lim K(z,,)— (2,,) =0
k—o0

= lim z,, =y.
k—o0

Since K is continuous, then limy_, o K(x,, ) = K(y), and as limy_,o K(z,,) =
y, then by the uniqueness of the limit we have K(y) = v, i.e, K has a fixed
point. For the general case we use deg(ld — K —p,2,0) = deg(Id — K, ), p)
by Brouwer’s degree.

(6) For f =Id — K where K is completely continuous, let K, : Q@ — F. be
an approximation map of K | i.e, for all z € 09, | K.(z) — K(x)| < ¢, where
e > 0 is small enough and we take F' = span {F;, p,p — ¢}, then dim(F) < oo
as dim(F;) < oo. Then by Definition 3.1.4 we have

deg(f,Q,p) = deg(ld — K.,Q2N F,p).
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Since

I(Ke +¢)(x) = (K + ¢)(2)]| = [[Ke(2) = K(2)]| <e,

and p ¢ f(0Q) implies p—q ¢ (f—q)(0), also as f is a compact perturbation
of the identity on 2 then f — ¢ is a compact perturbation of the identity on
Q). By Definition 3.1.4,

Using Property (11) of Theorem 2.3.1, we have
deg(ld — K. —q, QN F,p— q) = deg(Id — K.,QN F, p).

Therefore, deg(fa Qap) = deg(Id__ K&7 an F7 p) = deg(f — g, Qap - q)
(7) For f = 1d — K, let K. : Q& — F. be an approximation of K, where
g > 0 is small enough. Then by Definition 3.1.4

deg(f, €, p) = deg(ld — K.,Q2 N F_., p),

since (§2;); C 2 then (§;); N F. C QN F. are disjoint subsets, by Property
(7) of Theorem 2.3.1

deg(f, €2 p) = deg(ld — K., QN FL, p)
= deg(ld - K., Q; N F.,p)
el
= deg(f,,p).
el

We follow the same steps we did in part (a) to obtain the desired result.

(8) f =Id— K, let K. : Q — F. be an approximation of K, where £ > 0 is
small enough and since B is compact then B is closed and bounded, so we
take F' = span{F., B}, thus dim(F) < co. Then by Definition 3.1.4,

deg(f,Q,p) = deg(ld — K.,Q2N F,p).

Since p ¢ f(B), then p ¢ (Id — K.)(B), as B C QN F is closed subset, by
Property (8) of Theorem 2.3.1 we deduce that

Jesl1.0.0) = desld K0T
= deg(ld — K., (2N F)\B, p)
= deg(f,Q\B,p).
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(9) We argue by approximation and use the multiplicity property of Brouwer’s
topological degree (Property (11) of Theorem 2.3.1).

(10) Define g : Q — Z as g(p) = deg(f, 2, p). We show that g is continuous.
Indeed, for fixed p € Q we set d = dist(p, f(02)) > 0, by Corollary 3.1.1. Let
q € Q,if ||p—q| <e, for all e > 0, in particular for d = dist(p, f(92)) > 0.
Define f, : Q — X by

fo(x) = f(z) — (¢ —p),

for all z € Q. Then fq is compact perturbation of the identity on 2, by
Property (6) we have

deg(f,,q) = deg(f — (¢ —p),2,q— (¢ —p)) = deg(fq, 2, p).

Since ||f(x) — fo(x)]| = o — qll < d then by Property (4)

deg(f,Q,p) = deg(fy, 2 p).

Thus,
deg(f, €, p) = deg(f,Q,q),

ie, ||lg(p) —g(q)]] =0 < g, and so g is continuous. Since 2 is connected and g
is continuous then ¢(2) is connected, it follows that ¢g(Q2) = {g(p)} for every
q € 2, otherwise if g(2) = {g(p1),9(p2)} € Z, then ¢(?) is disconnected
contradiction. O

Corollary 3.2.1. Suppose that f, g are compact perturbation of the identity,
floa = gloa, and p & f(02). Then, deg(f, <, p) = deg(g,2, p).

Proof. Since for every x € 02,

1/ () = g(@)[| = 0 < dist(p, f(92)),

then by Property (4) we deduce

deg(f, €, p) = deg(g, 2, p).
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3.3 Schauder’s Fixed Point Theorem

Theorem 3.3.1 (Schauder’s Fixed Point Theorem: First Version).
Let X be a normed space and C' C X a bounded convex subset and its interior
containing 0. If K : C'— C is a completely continuous map, then K has a
fized point.

Proof. Let int(C') = , the interior of C. (1) First we want to show that, if
x € C, then txr € Q2 where 0 <t < 1. Since 0 € €2, then by the definition
of the interior there exists ¢ > 0 such that B(0,e) C C. We prove that
B(tz, (1 —t)e) C C. Indeed, let y € B(tx, (1 — t)e), then by Corollary 1.2.1
there exists some u € X such that [jul| < 1 and y =t — (1 — t)eu. Since,
y =tr+ (1 —t)(—cu), —eu € B(0,e) C C, t € [0,1] and = € C, then by
convexity of C' we have y € C. Thus, we found r = (1 — t)e > 0 such that
B(tx,r) C C, and so tx € (.

(2) Now, if K(z) = x for some x € 02 then the proof is done. Suppose
that K has no fixed point in Q. We set H,(z) = = — tK(x), for z € Q,
t €10,1]. Hy(x) is homotopy compact perturbation of the identity. We show
0 ¢ H(09), for all t € [0,1]. Suppose by contradiction that there is some
xo € 0F2 and some t, € [0, 1] such that

To = toK(l’o).

Since K has no fixed point in 02, then ¢, # 1. Since K(xy) € C and
0 <ty < 1, then by the first part (1) we have

To = toK(fIfo) € Q,

contradiction since zo € 0. Hence, 0 ¢ Hy(09Q), for all ¢ € [0,1], by
Schauder’s Properties (1) and (3) Theorem 3.2.1 we have

1 = deg(Id, 2,0) = deg(Id — K,,0).

Since deg(Id — K, 2,0) # 0, then by Property (5) Theorem 3.2.1 there exists
x € Q such that x = K(x). O

Theorem 3.3.2 (Schauder’s Fixed Point Theorem: Second Version).
Let X be a normed space and C C X a closed bounded and convexr subset. If
K : C — C is a completely continuous map, then K has a fized point.
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Proof. Let (K,), : C — X be a sequence of approximations of K such that

I5(e) = K ()] < =

for each n = 1,2, ... with range in a finite dimensional space F,, and K,,(C) C
Co(K(C)). Since, K(C) C C and C' is convex then, C,(K(C)) C C' . This
implies that K, (C) C Co(K(C)) C C and so K,(C) C C N F,. Since,
K, :CNF, — CNF,,is continuous by Brouwer’s fixed point there exists
x, € CNF, such that K,,(x,) = x,. Since (x,), C C and C'is bounded, (z,),
is bounded in F,,. In addition, since dim(F,) < oo, by Bolzano-Weierstrass
Theorem there exists a subsequence (z,,); which converges to some limit
x € C as C closed. Then,

K (z) —zf| = [[K(z) = K(2n,) + K(2n,) = K, (2n,) + Kn, (20,) — ]|
< K (@) = K@)l + (1K (20,) = Koy (20, ]

H Ko (n,) — ]|
As k — oo, we have
|K(x) — K(zp,)|| — 0 (as K is continuous),
1
1 (@n,) = Kooy (2, ) | < —— =0,
k
[y (@) = | = lln, — ]| = 0.
Therefore, || K (z) — x|| = 0 which equivalent to K(z) = z. O

Corollary 3.3.1 (Schauder’s Fixed Point Theorem: Third Version).
Let X be a normed space and C C X be a compact, conver subset, and
f:C — C a continuous map. Then K has a fized point in C.

Proof. We just check that f is completely continuous. Let B C C be a
bounded subset. Then f(B) C f(C) C C. Since C is compact and f is
continuous, f(C) is compact set. Hence f(B) is relatively compact, i.e, f is
completely continuous. Therefore by Theorem 3.3.2 f has a fixed point in

C. ]

Corollary 3.3.2 (Schaefer’s Nonlinear Alternative). Let X be a normed
space and K : X — X a completely continuous map. Then, either

(a) tK has a fized point, for all t € [0, 1],

or (b) the set S ={x € X : It € [0,1], z = tK(x)} is unbounded.
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Proof. Assume that (b) does not hold. Then, there exists a positive constant
R such that for z € X and t € [0, 1],

v =tK(z) = ||z|| < R (3.3)

Consider the radial retraction given in Example 1.2.1 r : X — B(0, R)

z, lzll < R
r(z) =
Ry, ol = R

The composition 7 o tK : X — B(0,R) is completely continuous for all
t € [0,1]. Indeed, let A € X be bounded subset, then tK(A) is relatively

compact. Since tK(A) C tK(A), then r(tK(A)) C r(tK(A)). Since r
is continuous and ¢K is completely continuous then r(tK(A)) is compact.
Hence, r(tK(A)) is relatively compact, i.e, r o tK is completely continu-
ous. According to the second version of Schauder’s fixed theorem (Theorem
3.3.2), there exists zo € B(0, R) such that (r o tK)(z¢) = zo. We claim that
tK(z0) € B(0, R). Let t # 0, otherwise ||tK ()| = 0 < R. On the contrary,

let ||tK(xo)]| > R in which case

tK(Q?o)
xo =1r({tK(xg)) = Rm—r—=
[# (o)
R
<~ Lo = —K(Zlfo)
K (o) |
Since R < |[tK (xo)|| < ||K(z0)||, for all ¢ € [0,1], then for ¢, = m <1
and by the hypothesis (3.3),
|0l < R.
In addition ||z¢| = W’;O)HHK(%)H = R, which is a contradiction. Then
ItK (x0)|| < R, which implies zy = r(tK(xg)) = tK(xo), i.e, tK has a fixed
point. O

Corollary 3.3.3. Let X be a normed space and K : X — X a completely
continuous map. Assume that there exists R > 0 such that for all t € [0, 1],

r=1tK(z) = ||z|]| < R.

Then, K has a fixed point such that ||x|| < R.
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Proof. The hypothesis of the corollary is just the negation of the assumption
(b) in Corollary 3.3.2. O

The following theorem have two different proofs, one can be obtained by
the previous corollaries and one by Leray-Schauder’s degree only.

Theorem 3.3.3 (A boundary condition result). Let R > 0 and K :
B(0,R) — X be a completely continuous map such that

r #tK(z), Ve € 90B(0,R), Vt € [0, 1]. (3.4)
Then, K has a fized point in B(0, R).
Proof. (1) First Proof. By assumption, for all £ € [0,1] and = € B(0, R)

r=tK(x) = x ¢ 0B(0, R)
=z € B(0,R)
= ||z|| < R.
By Corollary 3.3.1, K has a fixed point in B(0, R).
(2) Second Proof. We show that the Leray-Schauder degree deg(Id —
tK,B(0,R),0) is well defined, by hypothesis
r #tK(z), Vo € 0B(0, R)
< (Id = tK)(z) # 0, Vx € 0B(0, R),
which means that 0 ¢ (Id —tK)(0B(0, R)). Thus, deg(ld —tK, B(0, R),0) is

well defined and by homotopy Property (3) and Property (1) Theorem 3.2.1,
we have

deg(Ild — tK, B(0, R),0) = deg(Id — K, B(0, R),0) = deg(Id, B(0, R),0) = 1.

Since deg(Id — K, B(0, R),0) # 0 then by Existence Property of the degree
(5) Theorem 3.2.1, there exists € B(0, R) such that K(z) = . O

Theorem 3.3.4 (Rothe’s Fixed Point Theorem). Let B(0, R) be an open
ball in a normed space X and K : X — X a completely conlinuous map
such that K(0B(0,R)) C B(0, R). Then, K has a fized point in B(0, R).
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Proof. (1) First Proof. We just show that the condition K(0B(0,R)) C
B(0, R) of the theorem implies the condition (3.4). Indeed, if 2o = toK ()
for some zy € OB and ty € (0,1) because if t; = 1, then the proof is done
and ty = 0 cannot occur as 0 ¢ 0B(0, R). Then,

K (z) = f—s € B(0,R) =

<R

Zo
0

1

G<1 (as ool = B)
to

<:>t0 2 17

contradiction, as ty € (0, 1).

(2) Second Proof. Assume that K(z) # x, for all z € 9B(0, R), otherwise
we are done. Then, tK(x) # z, for all x € 0B(0, R), for every t € [0,1].
Otherwise, R = ||xq|| = to|| K (x0)]| for some xy € B, ty € [0,1), asif t; =1
we have K (x) # x. Hence, by assumption R = t|| K (xo)| < || K(x0)| < R,
contradiction. The Leray-Schauder degree deg(Id—tK, B(0, R),0) is well de-
fined, by the homotopy property in Theorem 3.2.1, deg(Id — K, B(0, R),0) =
deg(Id, B(0, R),0) = 1. By the existence property of the degree in Theorem
3.2.1, (Id — K) has a zero, i.e, K has a fixed point. ]

Theorem 3.3.5 (Leray-Schauder Fixed Point Theorem). Let X be a
normed space and C C X be a non-empty bounded open subset. Let K :
C — X be a completely continuous map satisfying the boundary condition:

r#tK(z),Yo € 0C, Vt € [0, 1].
Then, K has a fized point in C.

Proof. Consider the homotopy H(x,t) = (Id — tK)(x), for (z,t) € C x [0, 1].
By assumption (Id — tK)(z) # 0, for all z € 0C and t € [0,1]. Then,
deg(Id — tK,C,0) is well defined. By the homotopy property in Theorem
3.2.1,

deg(Id — K, C,0) = deg(Id, C, 0) = 1.

By the existence property of the degree, K has a fixed point in C. O

Remark 3.3.1. (1) When C' = B(0, R), we recapture Theorem 3.3.3.
(2) C is not necessarily convex.
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Chapter 4

Applications

In this last chapter, we use Leray-Schauder topological degree to investigate
an initial value problem for a first-order differential equation and then discuss
the solvability of a second-order differential equation subject to Dirichlet
boundary conditions. We will need some technical results. The first one is
an important tool in determining a priori estimates. The second auxiliary
result concerns the Green’s function of a linear boundary value problem.
Then two compactness criteria are proved. They are based on Ascoli-Arzéla
Lemma which is presented without proof.

4.1 Preliminaries

Lemma 4.1.1. (Gronwall’s Lemma) Let u: [ C R — E be a continu-
ous function. Suppose that there exist two constants k and k&’ (K’ > 0) such
that N
u(z) < k+ k// u(s)ds, Yz € [xg,al (4.1)
xo
Then,
u(x) < ket (@0,
Proof. Let v(z) = k+k [ u(s)ds. Then, v(z¢) = k and v'(x) = k'u(x). By

x
]
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(4.1), we have

uw(z) <v(z) = KFu(x) < Ko(x)
= v'(z) < K'v(x)
= v'(x) — K'v(z) <0

= e Jo M (2) — Ku(z)) < 0.
The latter inequality is equivalent to
, /
(v(:v)e’k (I’IO)) <0.
Integrating between xy and x, we obtain the estimates
u(x) < v(x) < keF' @720 < ek @0 g e [z, al.

]

The proof of the following compactness criterion can be found in most
textbooks of Topology, e.g., [7].

Lemma 4.1.2 (Ascoli-Arzéla Lemma). Let E, F' be two metric spaces
such that F is compact and F is complete, and H C C(E, F') be a bounded
subset. We have

H equicontinuous.

H relatively compact < { Vz € E, H(x) is relatively compact in F.
Here H(x) = {f(z) : f € H}. Recall

Definition 4.1.1. A subset H C C(E, F) is equicontinuous if for all € > 0,
there ezists o = a(e) > 0, such that

Vt,s € E: dg(z,2") <a=dp(f(z), f(2') <e, VfeH

When F'is a normed space with finite dimension, the boundedness and
the relatively compactness are equivalent concepts in Topology. Thus, we
have

Corollary 4.1.1. If F' is a Banach space with dim(F') < oo, then for every
bounded subset H C C(E, F), we have the equivalence

H relatiely compact < H equicontinuous.
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Ascoli-Arzéla Lemma may adapted to C! spaces.

Lemma 4.1.3. Let E and F' be two metric spaces such that E is compact
and F is complete and let H C C'(E, F) be a bounded subset. We have

H and H, are equicontinuous.
H relatively compact < ¢ Vx € E, H(z) is relatively compact in F
Vx € FE, Hi(zx) is relatively compact in F),

where Hy(z) ={f'(z): fe H}.
The following lemma can be checked by direct integration (see, e.g., [3]).

Lemma 4.1.4. Let h : [0,1] — R be a continuous function. Then, the
linear problem
—u"(x) = h(z), 0<z<1
{ u(0) =u(l) = 0,

has a unique solution given by

where

G(x,s):{x(l_s)’ 0<zxr<s<l1

s(l—x), 0<s<z<l1,
is the Green’s function of the corresponding homogeneous problem. More-
over, for all z, s € [0,1],

1 1 1
0< / G(x,s)ds < 3 and 0 < / (4.2)
0 0

Lemma 4.1.5. Let 2, < a be real numbers and f : I = [zg,a] x R — R"
a continuous function. The Banach space X = C(]0, 1], R"™) is equipped with

the sup-norm ||u||x = sup ||u(z)||,, where ||z, = ||z
zel

Then, the mapping K : X — X given by

R™ .

Ku(z) = x¢ + /x f(s,u(s))ds, x€l.

is completely continuous.
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Proof. Since f is continuous, then the map
T / f(s,u(s))ds
zo
is continuous (even differentiable). Then K is well defined.

Step 1. K is continuous. Using Theorem 1.1.5, we show that K is
sequentially continuous. Let (u,), be a sequence which converges to a limit
u in X, that is

lim ||u, — ulx = lim sup ||u,(z) — u(z)|, = 0.

Let z € I be fixed. Then, lim w,(s) = u(s), for all s € [z¢, z|. Since f is con-
n—oo
tinuous, lim f(s,u,(s)) = f(s,u(s)), for all s € [zg,x] and the convergence
n—oo
is uniform over the compact interval [xg, z]. Hence, lim Ku,(z) = Ku(z),
n—oo

for all z € I. Since [ is a compact interval, the convergence is uniform, that
is

lim ||Ku, — Kul|x =0,

n—o0

proving the convergence of Ku, to Ku in X.
Step 2. For every bounded subset B C X, K(B) is bounded in X.
Let M > 0 be such that

lullx <M, Yue B,
that is
|u(x)|l, <M, YueB,Vzel.

Then for all w € B and x € I, (z,u(x)) € I x B(0,M) and f(x,u(z)) €
f(I xB(0,M)). Since f is continuous and I x B(0, M) is compact in I x R,
by Theorem 1.1.17, f(I x B(0, M)) is compact in R™, hence bounded. Then,
there exists M’ > 0 such that

| f(z,u(z))|l, <M', Vzel YueB.
Then, for all z € [ and u € B,

IEKu(@)lln < |wo| + 1] [, f(s, u(s))ds]|n

<
< wo| + M |x — x|
< ol + M'(|zo] + |al).

69



Taking the supremum over x € I, we get
[Kullx < [xo| + M'(|zo| + |a]), Vue B,

proving that K(B) C B(0, |zo| + M'(|xo| + |a|).

Step 3. For every bounded subset B C X, K(B) is equi-continuous.
Let M' > 0 be given by step 2. For all z,2" € I,

I F (s, us))dsll

Jo I1£(s,u(s))[lnds
M'|x — 2|
€

[ Ku(z) — Ku(z')||n

VAR VANRVANR VA

whenever |r — 2| < § =
continuity of K(B).

77> independently of v € B, proving the equi-

By Ascoli-Arzéla Lemma (Corollary 4.1.1) applied with H = K(B) C
C([0,1],R™), we conclude that K is completely continuous. ]

Lemma 4.1.6. Let f: [0,1] xR* — R, G: [0,1]> — Rand £ : [0,1] —

R are all continuous functions. Let X = C'([0,1],R), equipped with the

norm ||ul|x = max(||u/|o, ||']|o), where ||u||o = sup |u(x)|. Then the mapping
zel

K : X — X given by

Ku(x) = /0 G(z,s)f(s,u(s),u'(s))ds, x€]0,1].

is K is completely continuous.

Proof. Since G and f are continuous, Ku is continuous. In addition by
Lemma 4.1.4, G has partial derivatives. Then, Ku is differentiable and for
all z € [0, 1],

(K () = [ 52 (0, (s, uls) o (5))ds.

0

Hence, Ku is differentiable for all u € X, Ku € X.
Step 1. K is continuous. The proof that K is sequentially continuous is
the same as in the proof of Lemma 4.1.5, Step 1.
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Step 2. For every bounded subset B C X, K(B) is bounded in X.
Arguing as in Lemma 4.1.5, there exists some constant R > 0 such that

lullx <R VYue€ B,

that is,
lu(z)] <R, and |u'(z)] <R.

Then, (s,u(s),u'(s)) € [0,1] x [ R, R]* which is compact in I x R?. Since f
is continuous, f(I x [~R, R]?) is compact in R, hence bounded. Then there
exists Mg > 0 such that, for all u € B and s € [0, 1],

My = max{|f(z,y,2)| : 0<2 <1 |y| <R, || <R).

Using the estimates of the Green’s function in (4.2), we have for all x € [0, 1]
and u € B,

[Ku(z)] < fo IG z, S)Ilf(s U(S),U’(S))Ids < Mg
(Kuy) (@) < [y |51/ (s, uls),w/(s)lds < M.
Taking the supremum over z € [0, 1], we get
[Kullx < Mk,

proving that K(B) C B(0,Mg). In particular, we deduce that the sets
K(B(0, R))(x) = {Ku(z) : we B(0,R)} and K(B(0, R))1(z) = {(Ku)'(2) :
u € B(0,R)} are bounded in R, hence relatively compact.

Step 3. K(B(0,R)) and K(B(0, R)), are equi-continuous. Let Mp >
0 be given by step 2. Since the functions G and g_c; are uniformly continuous
over the compact set [0, 1] x [0, 1], for all € > 0, there exists « > 0 such that

|z — 2| < a = |G(x,s) — G(/,s)| < M = Vs,x,2 €|0,1],

2 — 2| <o = |2(z,s) — (2!, s)| < 7= —, Vs, z,2" € [0,1].
Hence,
| Ku(z) — | <y |G (@ s) G(x $)[ £ (s, u(s),u'(s)|ds < 5= Mg =&,
|(Ku) () — < ) < [y 192w, 5) = 2, 9)[| f(s,u(s), 0/ (s)|ds < 3= Mp = €.

Independently of v € B(0, R), proving the claim.

By Ascoli-Arzéla Lemma (Lemma 4.1.3) applied with H = K(B(0, R)),
we conclude that K is completely continuous. ]
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4.2 An Initial Value Problem

Let I = [zg,a] and f: I x R — R™ a continuous function. Consider the
initial value problem for system of n first-order differential equations:

{u’(x) = f(z,u(z)), vel (4.3)

u(zg) = wup.
Suppose that f verifies the following growth condition
k>0, [f(z,y)ln <EQ+|ylln), overIxR" (4.4)
where ||z, = [|z||gn-
Theorem 4.2.1. Problem (4.3) has at least a global solution v € C*(I,R™).

Proof. (1) Fixed point setting. We seek classical solutions in the Banach
space X = C(I,R") endowed with the supremum norm:

lullx = sup Ju(@)]ln, Vue X.

zel

Note that since R™ is Banach, then so is X. A simple integration between
xo and x shows that problem (4.3) is equivalent to the nonlinear integral
equation

u(z) = ug + /f f(s,u(s))ds, z € 1.

This suggests to define the mapping K: X — X by
Ku(zr) = ug —i—/ f(s,u(s))ds, z € I.
zo

Then, u is solution of problem (4.3) if and only if « is a fixed point of K. We
are going to use the Leray-Schauder degree to prove the existence of a so-
lution for the equation (Id— K)u = 0, that is a fixed point of the mapping K.

(2) For all ¢ € [0,1], tK is completely continuous. This follows from
Lemma 4.1.5.
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(3) A priori estimates and definition of a degree. We prove that all
possible fixed points of the mapping ¢ K lie in a closed ball of X, independently
of the parameter ¢ € [0, 1]. Indeed, using (4.4)

[u()[[ [tKu(@)|n

luo + [, £(s,u(s))ds]l.
luolln + [, [1f (s, u(s))[[nds
luolln + & [, (1 + [[u(s)]ln) ds

Bk L2 flals)luds,

VARVANRVARVARN|

where k' = ||ugl|, + k(a — zo). By Gronwall’s Lemma 4.1.1, we have
Veel, |u(@)|, <K exp(kr) <K exp(ka) = C,

Then, for all R > C, ||ul]|x < R, that is u € Br(0). This means that the pa-
rameterized family of equations tKu = u have no solution on the boundary
of the open ball Bg(0). This with part (2) imply that the Leray-Schauder
topological degree deg (Id — tK, Br(0),0) is well defined for all ¢ € [0, 1]).

(4) Conclusion. By the invariance under homotopy of Leray-Schauder
degree, we have

deg (Id — tK, Br(0),0) = deg (Id, Br(0),0) =1 # 0.

Hence, deg (Id — K, Bg(0),0) # 0. By the existence property of the degree,
the equation (/d — K)(u) = 0 has one solution v € X. Therefore, problem
(4.3) has at least one solution u € Bg(0) C C(I,R"). Since f is continuous,
ue CYI,R"). O

4.3 A Boundary Value Problem

Consider the Dirichlet boundary value problem on the interval I = (0, 1):

—u"(z) = f(z,u(z),u(z)), v €I
{ w(0) = u(1) = 0, (45)

where the nonlinear function f = f(z,y,2) : I x R?> — R is continuous and
satisfies the following hypotheses:
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(H1) There exist positive constants a, b, ¢ (a+ ¢ < 1) such that for all x € T
and y,z € R, we have

yf(z,y,2) < ay® + bly| + c|yz|.

(H2) There exist positive constants d, e such that for all z € I and y, z € R,

we have
f(2,y,2)| < d2* +e.

Theorem 4.3.1. Under Assumptions (H1)-(H2), problem (4.5) has at least
one solution u € C*([0, 1], R).

Proof. (1) Fixed point setting.
Let X = C?([0,1],R) be the Banach space of continuously differentiable
functions equipped with the norm

[[ull = max(flullo, [lu"llo),
where |lullo = sup |u(x)|. For 0 <t < 1, define the map K, : X — X
0<a<1
by Ku(z) = tfol G(z,s)f(s,u(s),u(s))ds. By Lemma 4.1.4, u is solution of
problem (4.5) if and only if u is a fixed point of K;. According to Lemma
4.1.6, for all t € [0, 1], K; is completely continuous.

(2) A priori estimates. Let u be a fixed point of the map K;. Multiply

the equation satisfied by u and integrate by parts using the homogeneous
boundary conditions. We get

/01 W/ () [2da = t/ol wf o u(@) o ().

By applying Assumption (H1), we get

/0 [/ (z)|2dx < /0 au®(x) + blu(x)| + c|u(x)u/(z)|dz. (4.6)

By Cauchy-Schwartz inequality and the homogeneous boundary conditions,

we have
/Oru'(s)ds < /01 /(s)|ds < (/01 |u'(s)|2ds)é (/01 12ds)%.
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ju(z)| =




= |u(z)] < (/01 |u’(s)|2ds)%, Y e [0,1]

Squaring and integrating yield the so-called Poincaré inequality

[ par < [ e

(4.7)

By using (4.6) and combining Cauchy-Schwartz and Poincaré inequalities,

we obtain the estimates

Jo W (@)Pde < a fy |u(@)Pde +b [ [u(e |dx+cfo () (z)|dx
< afy [/ (@)Pde + bullo + ¢ fy Ju(x)(2)|dz
< afo |u'(2)|2dx + bljullo + ¢ fo lu(x 2dx> (fo |u/ (x
< afo |u/(z)|?dz + bl|ul|o + ¢ fo |u'(x 2d$>
< (a+¢) fo |u/ () [Pdx + bl|ul|o.

Since 0 < a+ ¢ < 1, we get

1

0 < ——Jullo

By (4.7), we have |Jul|op < (fo |u/ (x 2dx> . This with (4.8) yield

! } ;
(/ |u'(x)\2dx) <—— =R,
0 l—a—-c

|ullo < Ro.

On the other hand, Hypothesis (H2) yields the estimate

Hence,

|u"(z)] < d|u'(z)|* +e, forall x€l.

Integrating and using (4.8), we get

1
/ [u"(s)|ds < dRo||ullo + €
0

)

2d£L’) g

(4.8)

(4.9)



Finally, since u € C*(I), by Rolle’s Theorem and the homogeneous boundary
conditions, there exists some xg € I such that u/(z9) = 0. Hence,

/ u”(s)ds

Taking the supremum over = € I, hence ||u/[|o < R; and finally,

Veel, |u(z) = < dR}+e:= Ry.

|lul|x < R :=max(Ry, Ry).

(4) Conclusion. By considering the open ball B = B(0,R + 1) in
the space C'([0,1],R), the map K; has no fixed point on the boundary of
ball B. Then, the Leray-Schauder degree deg(ld — Ky, B,0) is well defined
and equals, by homotopy, deg(/d, B,0) = 1. By the existence property of
the Leray-Schauder degree, we conclude the existence of a fixed point for
operator Ki, which is a solution of problem (4.5). ]

Remark 4.3.1. (1) In Theorem 4.2.1 and Theorem 4.3.1, it was also possible
to apply directly Theorem 3.3.5.

(2) However, if one applies instead Schauder’s fixed point Theorem 3.3.1 or
Theorem 3.3.2, one can check that the condition 0 < k£ < ﬁ should be
added in problem (4.3) and a condition on the constants e, d appearing in
Hypothesis (H2) is required in problem (4.5).

Remark 4.3.2. In Theorem 4.2.1 and Theorem 4.3.1, the obtained solution
lies in a ball. So, it could be the trivial solution (center of the ball). To avoid
such a trivial solution, we only need to add the restriction

(1) f(xo) # 0 in problem (4.3),

(2) f(t,0,0) not identically zero in problem (4.5).
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